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ON EXTREMAL TRIGONOMETRIC POLYNOMIALS

V. P. Zastavnyi

Let Fn be the set of all trigonometric polynomials of order ≤ n, n ∈ N. For multipliers H : Fn → Fn,
we prove an interpolation formula H(f)(t) =

∑2n−1
k=0 Λkf (t− τ + kπ/n) , which is used to obtain the following

inequalities and criteria for an extremal polynomial in them (Theorem 4):

∫
T

J (|H(f)(t)|) dt ≤

∫
T

J (κ|f(t)|) dt ; ‖H(f)‖p 6 κ‖f‖p, 1 ≤ p ≤ ∞, κ = |Λ0|+ . . .+ |Λ2n−1| > 0.

Here the function J is convex and nondecreasing on [0,+∞). The main goal of this work is to describe all
extremal polynomials in the above inequalities. Theorem 5 proves that if the function J is convex and strictly
increasing on [0,+∞) and two conditions are satisfied: (1) ∃s ∈ Z : ΛsΛs+1 < 0 and (2) ∃ε ∈ C, |ε| = 1 :
εΛk(−1)k ≥ 0, k ∈ Z, then only polynomials of the form f(t) = µeint + νe−int, µ, ν ∈ C are extremal in these
inequalities. The main cases in this theorem are the cases p = ∞ and p = 1. Theorem 6 proves that if the
function J is convex and strictly increasing on [0,+∞) and the operator H satisfies the Szegö condition (the
nonnegativity of a special trigonometric polynomial), then, in all cases different from one exceptional case, only
polynomials of the form f(t) = µeint + νe−int, µ, ν ∈ C, are extremal in these inequalities. In the exceptional
case, there are other extremal polynomials. In this paper we give general examples of operators H that satisfy
the conditions of Theorem 6 (Example 1, Theorems 7 and 8). In particular, S. T. Zavalishchin’s operator
(Example 2) and the fractional derivative operator H(f)(t) = f(r,β)(t), β ∈ R, r ≥ 1, κ = nr (Corollary 3),
satisfy these conditions. In this paper we also describe extremal polynomials in the Trigub and Boas inequalities
(for some values of the parameters, not only polynomials of the form µeint + νe−int are extremal).

Keywords: extremal trigonometric polynomial, Bernstein condition, Szegö condition, Weil–Nagy derivative,
Bernstein-Szegö inequality, positive definite function, Boas–Civin method.
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17. Bernstein S.N. On one theorem of G. Szegő. In: Sobranie sochinenii [Collected works], vol. II:
Konstruktivnaya teoriya funktsii [Constructive function theory], in 4 vol., Moscow, Akad. Nauk SSSR,
1954. P. 173–177.

18. Zavalishchin S.T. On some extremal properties of trigonometric polynomials. Proc. Steklov Inst. Math.,
1967, vol. 78, pp. 1–10.

19. Stechkin S.B., Taikov L.V. On minimal continuations of linear functionals. Trudy Mat. Inst. Steklov,
1965, vol. 78, pp. 12–23 (in Russian).

20. Bernstein S.N. On polynomials, orthogonal on finite segment. In: Sobranie sochinenii [Collected works],
vol. II: Konstruktivnaya teoriya funktsii [Constructive function theory], in 4 vol., Moscow, Akad. Nauk
SSSR, 1954. P. 7–106.

21. Gorbachev D.V. Sharp Bernstein–Nikolskii inequalities for polynomials and entire functions of
exponential type. Chebyshevskii Sbornik, 2021, vol. 22, no. 5, pp. 58–110 (in Russian).
doi: 10.22405/2226-8383-2021-22-5-58-110

22. Zastavnyi V.P. A generalization of Schep’s theorem on the positive definiteness of a piecewise linear
function. Math. Notes, 2020, vol. 107, no. 6, pp. 959–971. doi: 10.1134/S0001434620050272

23. Zastavnyi V.P., Manov A. On the positive definiteness of some functions related to the Schoenberg
problem. Math. Notes, 2017, vol. 102, no. 3, pp. 325–337. doi: 10.1134/S0001434617090036

24. Boas R.P., Jr. The derivative of a trigonometric integral. J. London Math. Soc., 1937, vol. 12, pp. 164–165.
doi: 10.1112/jlms/s1-12.2.164

25. Civin P. Inequalities for trigonometric integrals. Duke Math. J., 1941, vol. 8, pp. 656–665.
doi: 10.1215/S0012-7094-41-00855-4

26. Boas R.P., Jr. Entire functions. NY, Acad. Press, 1954. 275 p. ISBN: 9780080873138 .

27. Timan A.F. Theory of approximation of functions of a real variable. Oxford, Pergamon Press, 1963, 631 p.
doi: 10.1016/C2013-0-05307-8 . Original Russian text was published in Timan A.F., Teoriya priblizheniya
funktsii deistvitel’nogo peremennogo, Moscow, Gos. Izd-vo Fiz. Mat. Lit., 1960, 624 p.

28. Vinogradov O. L. Sharp error estimates for the numerical differentiation formulas on the classes of entire
functions of exponential type. Siberian Math. J., 2007, vol. 48, no. 3, pp. 430–445.
doi: 10.1007/s11202-007-0046-9

29. Vinogradov O.L. Sharp Bernstein type inequalities for Fourier-Dunkl multipliers, Sbornik: Math., 2023,
vol. 214, no. 1, pp. 1–27. doi: 10.4213/sm9724e
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