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OB OIITUMAJILHOM KOPPEKIIV HECOBCTBEHHBIX 3AJIAY
BBIITYKJIOTO IIPOTPAMMMPOBAHUSA
HA OCHOBE METOJA KBA3UPEIIIEHUIT!

B. . Ckapun

Pabora npomoskaeT MCCIIeIOBAHUST aBTOPA IO ITOCTPOEHUIO BO3MOXKHBIX AIMIPOKCHMAINMH /1151 HECOOCTBEH-
HBIX 3a7la4 BbITyKJoro nporpammuposanusa (H3 BII). B kauectse 6a30B0it Mopenn koppekuun H3 onpenenena
npobieMa MUHUMU3AILMK [1eJIeBOi (DYHKIMKM MCXOMHOM 3aJadM Ha MHOXKECTBE TOYEK MUHUMYMa YeObIIIEBCKON
HOPMBI HeBsI3KU OorpanudeHuit. J[jisi 9TOf IIOCTAHOBKYM IPUMEHSIETCS OJMH U3 KJIACCUYECKUX METONIOB DeryJis-
pu3aIy HEKOPPEKTHBIX 3KCTPEMAJbHBIX 3aJa4 — MeTOJ KBa3upelleHuil. B OCHOBY JaHHOIrO MeTOHa ITOJIOXKEH
mepexoJ; K HEKOTOPOii 3aja4de 0e3yCJIOBHOM MUHHUMU3AIUU IIyTeM arperanuu GpyHKIUHA OrpDAHUYEHUN HUCXOTHOMN
3agaan. st 97O e ucnonab3yercs ogHa u3 MoauduKaluil MeTona mTpadHbIX (DYyHKIME, & UMEHHO METOJ,
0600111eHHOI 00paTHOil GapbepHO (yHKIWH. Takoll MOAXO MPENCTABIIAETCS MEPCIEKTUBHBIM C TOYKU 3PEHUST
YHCJIEHHOM peajiu3aluu MeToja KBa3upeleHnuii. B pabore hopMyIupyoTcs: yCaI0BUs CXOAUMOCTH IIPEJIaraeMo-
o METOZa, B TOM YHCJIE B CIydae HETOYHOIO 33JaHUs NCXOIHBIX JaHHBIX. [Ipn sTOM 0c060€ BHUMAaHUE YAEIseTCs
OIIPEJIEJIEHHUIO BEJIMYUHBI ONTUMAJIBLHON KOppeKIuy orpanndenuii anaausupyemoit H3 BII, a Tak>ke Hax0XK JeHUIO
ONTUMAJIBHOIO 3HAYEHUs IMapaMeTpa PeryJsipu3allii B MeTOJe KBa3UPeIlleHU.
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Bsenenne

B magame 1980-x r. akamemuk U. V. Epemun BBen B pacCMOTpeHHE HOBBIM Kjacc “HECOOCTBEH-
HBIX 33741 Maremarndeckoro nporpammuposanus (H3 MII)” (cm. [1;2]). B rakoit kiacc Bomm
33149l ¢ OCOGEHHOCTSIMIE, KOTOPBIE He NMEIOT PEelIeHnii B OOBITHOM CMBICTIE 9TOro HOHsTHsT. Turmd-
ubivu nipejcrasuressivu H3 MIT crasm mocraHoBKY ¢ IpOTHBOpEUNBOl crucreMoit orpanndennii. [To-
JIOOHBIE 33/1a9H SABJISIIOTCS OOBIYHBIMU DU MATEMATHICCKOM MOJICIUPOBAHIE IIPOIECCOB TPUHSITHS
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dbunancosoit nopuepkke MunucrepcrBa Hayku U Bbiciiero obpasoBanus Poccuiickoii Penepanuu (HOMED

coramenus 075-02-2023-913).
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pellleHnii B pa3jndHbIX cdepax deIoBEeYeCKOil AesITe/IbHOCTH. B IpaKTHKe IIOCTPOEHUsT SKOHOMUKO-
MaTEeMATUIeCKUX MOJEJIeH TPUINHAMY [TOABIEHNsT HECOBMECTHOCTH B CHCTEMAaX OIPAHIMYIEHUN MOTYT
OBITH HebUIINT PecypcoB, 3aBbIIIEHHbIE TPEOOBAHUsT K KAUECTBY PeIleHnil, MHOIOKPUTEPUAIbHOCTD
ITOCTAHOBOK, HEOOXOIMMOCTD yUIeTa SKOJOIMICCKUX (DAKTOPOB M T. 1. 1acTO HECOBMECTHOCTDH BO3HM-
KaeT BCJIEICTBAE HETOYHOCTH MCXOIHOM MHQOPMAIUI O MOJEIUPYEMOI CHCTEME.

HecobcTBennbie 3aadn B CUJIy CBOErO PACHPOCTPAHEHHUSI W 3HAYEHUA JJIs TEOPUU U MPAKTH-
KM METOJIOB OINTHUMU3AINN FABJISIIOTCA BaXXHBIM OOBEKTOM Hay4YHOT'O MCCIeIoBaHusi. BHadase mis
YCTPaHEHUsI MPOTHBOPEYNBBIX OIPAHUYIEHNN TPOM3BOINTCA KOPPEKIHS 3aa49u. B mportecce Koppek-
muu gannas H3 MII nmorpy»kaercs B mapaMeTprdeckoe ceMeicTBo pa3permnMbix 3agad MII, u B aTom
ceMeficTBe OTBICKMBAETCS ONTUMAJIbHASI OTHOCUTEILHO 3HAUEHNUST IapaMeTPa MOJIeb (ONTHMAbHASI
Koppekisi ). Perenne HaiileHHOl 3a/1a491 TPUHUMAETCsT 38 0000IIeHHOe (AIIPOKCUMAIIMOHHOE) Pe-
menue ucxoxnoii H3.

Anayms H3 MII cymecrBeHHO 3aBUCHT OT TOYHOCTH 3a1aHUsI HH(MOPMAIINN, OMUCHIBAIONIEH 10~
CTAHOBKY 3a/1a49u. B cBOIO 04Yepeib MaTeMaTHIECKIEe MOJEIN C BO3MYIIIEHHBIMEI BXOIHBIMY JAHHBIMU
SIBJISIIOTCST OO'bEKTOM PA3BUTON TEOPUU HEYCTOWYMBBIX (HEKOPPEKTHBIX) 3aja4 onrumusanuu. [To-
sromy npu ucciaegoBanun H3 MII moryT ObITH NpUBJIEYEHB HIEH CTAHIAPTHBIX METOIOB PEryJisi-
pH3allid HEKOPPEKTHBIX SKCTPEMAJIbHBIX 3a/a49, TaKUX KaK MeTol 1HMXOHOBa, METOIbI HEBASKH U
kBazupenienuit (cm. [3;4]). VI3 mybaukaimii ore4ecTBeHHBIX U 3apy0eKHBIX aBTOPOB, B KOTOPBIX Te
IV MHBIE METOIbI PEryJIAPU3alliy IPUMEHSINCH IPU aHAIN3€ HeCOOCTBEHHBIX 3a1a9 ONTHMUBAIIH,
MOXKHO OTMETUTBH paboThl [5-7|. B Hacrosmieil crarhbe Ipu MOCTPOCHUU AJINOPUTMOB HAXOXKJICHUS
o6o6menHoro pemternst H3 Boiykioro nporpammvuposanust (BIT) ucmnosb3yercst crpykrypa MeTona
KBa3UpPEIIeHN.

[lepBbiii mar B peajusaliui METO/a KBa3uperieHuil (Kak, BIPOUEM, U JIPYIUX METOJOB PeryJisi-
pH3aInK) 3aK/I09aeTcs B repexoie or ucxonHoi mocranosku H3 BII k 3amade GesycroBHoil ma-
paMeTpUIecKol ONTUMU3AIINN, OOBITHO C IIOMOIIBI0 HEKOTOPOH MoAnMUKaINy BHEITHEHR mTpadHO
dbyukuun (cm. [4;8-11]). Jannas pabora Bbiiensiercss TeM, 4To B Heil orpanmuenunss H3 BII ar-
perupyroTcs ¢ npumeHeHueM (yHKIMU BHyTpeHHero mrpada (0600meHHoil 06paTHOl GapbepHOi
dbyukuum; cM. [4;8;10]). o cpaBrenuto ¢ BHermHuME mTpadHbIMUA (YHKIUAME (HAIIPAMED, TOY-
HBIMU WJIM KBaJPATUIHbIMU) GapbepHyIo (DyHKIMO omindaer 6ojiee BBICOKAs CTEIeHb IJIaJKOCTH,
9TO IO3BOJIFET KMCIIOJIb30BATh IPU €€ YUCICHHON MUHUMHU3AINNA aJIIOPUTMBI C ITOBBIIEHHON 3(hdeK-
TUBHOCTBIO. /I3 HEMHOTrOYNCJIEHHDBIX MTyOJUKAIUH, B KOTOPBIX HMPUMEHSJICS TOIXOM, CBSI3aHHBIN C
MetosoM Gapbepubix dyuknuii 8 H3 MII, ormernm paborsr [12;13].

B mpennaraemoit crarbe paccMaTpUBAIOTCS YCJIOBHS PA3PEIIUMOCTH 3a7a49, BOSHUKAIONINX B
JaHHOI MomuduKalud MeTO[a KBa3WUpeIleHUil s HaXoxKjeHus obobmennbix pemrennii H3 BII,
bOpMyIUPYIOTCA IPABUIA YIIPABICHUS apaMeTPaMU METO/Ia, HeOOXOMUMBIMU JIJIsT CXOIUMOCTH pPe-
3yJILTUPYIONIEH HpoLeayphbl. DTa paboTa — MPOMOJIKEHNE HCCIIEIOBAHNM, IPOBEIEHHBIX aBTOPOM
B [14]. OcHoBHOI1 yIOp Jeiaercsi Ha IIOCTPOEHUE AJIOPUTMOB, KOTOpBIE Hapsiy ¢ TpebyeMoii cxo-
JUMOCTBIO IO3BOJISIIOT HAXOIUTH ONTHUMAJIbHBIE 3HAYCHUs PSAAa YIPABIIAIOMMX IapaMeTPOB METOIA
KBa3UPEIICHUNA.

1. Hecob6crBennas 3agada BII, meToabl Koppekiiuu

Pacemorpuwm 3amaay BIT

min{ fo(z) | z € X}, (1)

rie X = {z | f(z) <0}, f(z) = [fi(x),..., fm(2)], fi — BBIDYKIIBIEe DyHKINHK, OpeescHEbIe HA R"
(i=0,1,...,m).

Baxneitimnii knacc H3 BII cocrasisitor 3amaun (1), y xoropeix X = &. IlepBeiM marom B
HCCJICIOBAHUY TONO0OHBIX 3ajad dBJjdercd ux Koppekunmd. Ilom xoppeknueit H3 Gymem moHmMarhb
sameny (1) 6amskoii K Hell (B ompejieJieHHOM cMbicie) pasperumoil 3azadeil BII, pemenune koto-
poii npunuMaercsi 3a 0600menHoe perenue (1). EcrectBentbit cnocob (onTuMaibHOl) KOPPEKIn
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H3 BII cocrout B paccMOTpeHUN MapaMeTPUIECKON 3a1a4u

min{fo(z) | v € X¢ }, (2)
rae Xe = {z | f(z) < &}, € — nmapamerp sanauan, € R, Ep = argmin{||¢||, | £ € E}, E = {{ |
X¢ # @}, || - |lp — cumBos HeKOTOPOIT BeKTOPHOI HOPMEI B mpocTpancTee R™. Jlamee /st BekTOpa

n
z = [21,...,2n) € R™ Gyayr nupnvensrses eskmaosa nopma (p = 2): |zllz = [|z]| = (X2 212)1/2 u

i=1

gebpiesckas (p = 00): ||z]|ec = [nax | 2]

Ecmu B 3amave (1) X # &, To B (2) & = 0 u zagaun (1) u (2) copmagaor. Ecm we X = @,
TO JIJIsl CYIIECTBOBAHUS BEKTOPa & JIOCTATOMHO, HAIPUMED, YTOOBI GBLIO HEIYCTO W OTPAHHYIEHO
MHO2KeCTBO X¢ 1yt HekoToporo & = &. B sroM cirydae MuozkecTBO E GyIeT BBILYKIIBIM U 3aMKHY-
TBIM, 9TO FapaHTUPYeT pas3pemnmMocTsb 3agadn min{ |||, | € € E}. Ilpu sTom pemenne s3amaan (2)
ob6bsiBisiercst 06061ennbIM perernem H3 BIT (1).

Jlerko BUjeTh, UTO B KadecTse &, MOXKHO B3aTh &, = f1(Z), e 7 € X, = Arg min I fT(2)]p.

B camom gnene, fi(Z) < f1(Z) = (§)i me. & € E. llyers ¢ € Ena’ € Xg. Torpa fi (2/) < &,

i=1,....m; |5l = 1T @)y < IFT(@)]p < 1|€]|p, T e. BexTOp &, yHoBreTBOpsIeT ONpeseIeHMIO
sazaan (2).
Bamernm, 4To Jyuisi p = 00 OyJer cupaBeyIMBO HpejcTraBieHne & = [0,...,0] € R, 7 =

min |1 (2) o

Takum 0b6paszom, Jyisi p = 00 3aja9a (2) MOXKeT ObITh 3alicaHa B BUJIE

min{ fo(z) | = € X5}, (3)
e Xz ={z| fi(z)<a,i=1,...,m}, 6 = nlgﬂinlglix fi(z).

B peasnbubix Mozensix BIT uga (1), (2) dynkuuu f;(x), Kak npaBuiio, 3aJ@Ql0TCs ¢ HEKOTOPOIi
HOrPEIIHOCTRIO. JIJIg Ipeomo/leHns HeraTUBHOIO BJIMSHAS HETOYHOIO 3aJaHus NCXONHOI mH(pOpMa-
UH OOBIYHO UCIIONIB3YIOT CHENUAIbLHBIE METOIBI PETYJIAPU3AIIH, TPIMEPOM KOTOPBIX CJIY?KHT METOT,
kBasupenteHuit (cm. [3;4]).

[Tpumennrensno k H3 BIT (1) meron kBasuperieHuil B HECKOJIBKO YIPOIIEHHOM Buje OyJer
3aKJIIOYATBCS B aHAIU3E 319K

min{ fo(z) | x € X5 N Qq}, (4)

e Qg = {z | Q) < d}, d > 0, Q(zx) — crabummuszarop 3amaun (1), npexcrasisiomuii coboit
BBIIYKJ/IYIO HEOTPUIATEJILHYIO (DYHKIINIO, /Il KOTOPO MHOXKECTBO (g OPAHUYCHO JJIsI HPOM3BOJIb-
noro d. EcrecTBeHHBIM IPUMEPOM CTabUIM3aTOPa MOXKeT CIyKuTh dynkius (z) = ||z||?, koropas
HCIIOJIB3YeTCst B HACTOAIIEH pabore.

Bazaun (3) u (4) TecHO CBA3aHBI U NPU ONPEJIETCHHBIX 3HAYCHUSAX I1apaMeTpoB & u d OymyT
SKBHBaJICHTHBIMA. [IpenmytnecTBo MeTo/a (4) 0COGEHHO IPOSIBIISETCS IIPH AHAIN3E TAK HA3BIBACMBIX
BO3BMYIIEHHBIX 3a7a4. OH [HO3BOJISIET IOJIYYUTH XOpOIee NPUOINKEHHE [T HEYCTONIUBBIX 3a1a4
onruMmusanuu (cM. [3;4]).

Bamaua (4) He Bcerma mMeeT perienne. Ero Hajmdme 3aBUCAT OT JOCTUXKUMOCTH 3HAYCHUS 0 =
min || fT(z)||eo # OT BestruEHE TAPaMeTpa d > 0. O4YeBUHO, UTO JOMKHO 6BITh X5 # P u d > d =
min{||z||? | * € X5}. Tlomo6ubie TpobIeMbI He Gy/TyT BOSHUKATDL, €CJIH PACCMOTPETH KOPPEKIIHIO
sajgaun (1) ¢ yuerom orpaHMYeHUH MeTOjIa KBa3UpeleHuii:

min{ fo(z) | gi(z) <&, i=1,...,m+ 1}, (5)

rie gi(z) = fi(z), i =1,...,m; gm+1(z) = ||z|* —d, 6 = min [|g* (2)||oc. Banaua (5) onpezeiena

qytst Jioboro d > 0 u, 6oj1ee TOrO, I Hee CIPABEJJINBO CJIEIYIONIEEe yTBEPKICHUE.
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JIemma 1 [14]. 3adaua (5) paspewuma oz mobozo d > 0.

B masbheiiniem, kak npaBuiio, B kadectse koppekunu it H3 BII (1) 6yaer pacemarpuBarbest
sazada (5). Tem He MeHee 110J1€3HO Gy/IeT YCTAHOBUTH 3aBUCUMOCTHU MEXKJly BEJMIMHAMU 0 U G, 9TO
MOKET UMETh 3HAYEHHE IIPHU IIPAKTUIECKOM OIPEIE/ICHUH IapaMeTpa Peryisapu3aiuu d.

OueBuIHO, YTO SKBUBAJIEHTHOCTb ONTUMAJbLHON Koppekiuu (3) u 3amaqu (4), oupemessiromeii
METOJI KBa3UpPEIIeHN, BO MHOI'OM 3aBHCHUT OT BeJUIHHBI d. IIpy 3TOM CyIecTBEHHBIMU SBJISIIOTCS
JBa 3HadYeHuda d:

d=mnmin{||z|* |z € X;} un d"=min{|z| |z € X: = Arg m;gl fo(z)}.
TEXG

Hpu d < d 3amaua (4) He nmeer permenwit, mpu d = d JoMycTEMOE (M ONTHMATLHOE) MHOMKECTBO Yy
sajatn (4) cocTonT U3 oftHOM ToUKN T € X5, iyia kotopoit d = ||Z||. Ecm d < d < d*, To 3amaga (4)
pasperinMa B HEKOTOpoit Touke x); € X5 N Qq, Takoii uro f* < fo(x}) < fo(Z), roe f* = fo(z¥),
xz* € X% Ilpu d > d* muoxecrso pemnennii 3aja<m (4) nveer Bug X = X2 N Q4. B 3anaue (5)
BEJIMYMHA ONTUMAJIBHOI KOPPEKIIUH OIPAHUYEHUiT § TaKyKe 3aBUCHT OT d:

=064 =min{o | G4(o) # @},

e Gg(o) = {z | gd(x) <o, i =1,...,m+ 1}, g¢(x) — -7 KommoHenHTa BeKTOpP-DyHKIH g(T) =

9%(2) = [fi(2),..., fn(2), ||z]? — d].

N3 ckazaHHOTO BBINIE CIEAYET, ITO B METO/Ie KBAa3UPEIIeHN 0COOYIO POJIb UT'PAET BLIOOD Imapa-
MeTpa d = d. ITosToMy B IEpBYIO OUepeDb KeIATEIBHO yMeTh 3(h(heKTHBHO OLEHUBATH 3HAYEHHE d.

Teopema 1. ITycmv das H3 BII (3) & > 0 u d = ||Z||?> = min{||z|? | * € X5}. Toeda dan
memoda ksasupewenud (5) cnpasediusv, coOOMHOWEHUS

Gg=0 (Vd>d); (6)
o <64 <max{s,d—d} (Vd:0<d<d). (7)

HokaszarTenabctTso. Cormiacao jsemme 1 s soboro d > 0 olpejesieHa BeJIMYUHA Fg =
min [|g* (2)||oc- Tax kax [|g% (2)[loc > [/ (2)]lo (V2 € R, d >0), 10

Ga>5 (¥d>0). (8)

[ycrs dy > dy > 0. Torma (||z]|? — d2)* < (||z)|> — d1)* u, cremosarenso,

Gdy < Gqy- 9)
Tak xak 65 = min ||g? " (2)]lce < 197 (Z)]|oe = |/ T(Z)|lsc = 7, TO ¢ yueTom (8) momyuaen
x
Gg=5. (10)

Eciu d > d, To cornmacuo (9), (10) mveem 64 < 67 = &, ato BMecTe ¢ (8) maeT TpeGyemoe paBeH-
crBo (6).

[ockonbky Gq = min Wy(z), tae Yy(x) = max{||fT(z)]eo, (||]|*> — d)F}, To 64 < Vy(z) =

— €z — —

max{7, (d — d)*}. Tlosromy & < &4 < max{7, (d — d)*}. Orciona, B wacrnocrn, npu d > d

caeayer (6). Ecan ke d < d, To npuxomum K (7). O

CnenctBue 1. Ecau evinoanenv, ycaosus meopemvt 1, mo das 0 < d < d aubo evinoanaemcs
Gag=6>d—d, wbo s <d&q<d—d. IIpu smom

(11)

ecoru d<d, mo 6= npu d>d—& u G4>6 npu d<d-—a;
ecauw d > a, mo cywecmsyem d € (0,d), das komopozo &4 > a.
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2. Metoa kBa3upellleHUuil 1 MeTo/] bapbepHbIX (DYyHKITUI

Beime yrke 0TMEYaIoch, 9TO MeTOJL KBa3upeleHuii 3(hheKTuBeH Ipu pacCMOTPEHII BO3MY ITICH-
HBIX 3a7a4d onTuMu3anuu. [lycts B 3amade (1) Bmecto f;(x) m3BeCcTHBI MX TPUOIMIKEHIST — HEIPe-
poisabie bynxmm f{ () Takue, aTo

\ff(a;) — fi(@)| < gi(x,0), VxeR" i=0,1,...,m, (12)

riae byskmun ¢;(z,d) > 0, Yz € R", 6 > 0, %im vi(z,0) = 0 (Vz € R"). IIpu srom Bmecto (5)
BOBHUKAET 33128 -0
inf{fg(x) [ g(z) <&°, i=1,...,m+1}, (13)

. ~ . +
rae gf (x) = fi(@), i=1,....m; g, 11(2) = gms1(2) = |[2]* — d, d >0, 6° = inf | ¢*" (2)[|oo-

[Tpu npakTudeckom perrernn 3aga4n (13) yaobHee UCIIOIB30BATH SKBUBAJEHTHBIE TIOCTAHOBKU
0e3 orpaHUYeHUl, TPUMEHSIS I arperupoBaHUsl OUPAHUYEHUN HEKOTOPYIO (DYHKIUIO BHEITHErO

mrpada BUIA
m+1

P(,8) = > (f)" (@) (¢>0).
=1

B pesynbraTe MeTo KBa3sHPEIIEHUH 3aKII0UAETCS B OTBICKAHUN TOYKHU X§ TAKOM, 9TO
*
Ds(zs) < @5 +7(6),

rne ®s(z) = fi(z) + rP(z,8), v(6) > 0 (Vo6 > 0), r > 0, & = inf &s(x). Tpebyerca maiitn

ylpaBJjieHne Iapamerpamu r,0,7(d), Ipu KOTOPOM IOCJIeI0BATENbHOCTE {X5} OyueT CXOAUThCs K
perrernio 3a1a49u (5) mpu 6 — 0.

Cuenuduka JanHoi paboThl 3aK/II0YAETCA B IIOCTPOEHUN MeToda KBasupemennii jisg H3 BII, B
KoTOpoM BMecTo dyukuuiit P(x,d) s pemenns 3agaqn (13) npumMeHsieTcss BADUAHT METOJA BHYT-
pennero mrpada — MeTo obpaTHoil 6bapbepHOl MYHKINN. XOPOIIHe CBOMCTBA TVIAIKOCTH Oapbep-
HOI (DyHKIIUHU JIeIaf0T JAHHBIN 10oaxo 60jIee MPUBJIEKATEIbHBIM C TOUKN 3PEHUsT PEAJTU3AIY IIPaK-
THYIECKUX METOIOB HAXOXKICHUS TOUKHU L.

Ecrm (1) — paspemmvasg 3amaga BII, y KoTopoif MHOXKeCTBO BHyTpeHHHX Touek X© = {x |
filx) < 0, i = 1,...,m} Hemycro, T0 MeTox 06paTHOl GapbepHOil GyHKIMU 3aKaodaercs (CM.,
HanpuMmep, [4]) B HaxoX qeHun

m
€
inf{BmE: x) — €>0} = BY). 14
2EX0 ( ) ) fO( ) ;fz($)7 ( e) ( )
IIpu BBIIOJHEHUHU OLPE/IEJIEHHBIX yeaoBuii Ha 3azady (1) umeer mecro cxoqumocts BY — f* (e — 0),
rae f* — onrmMasnbHOe 3HadeHue 3a1a9n (1).

[Tpumenum meron (14) x 3azaue (5). Buauasne pacemorpum ciyuaii, korpa dyukimu f;(x) us-

BECTHBI TOYHO, T.e€. Korja B (12) ¢;(x,0) =0 (i =0,1,...,m).
Tak xax anasor X° B saade (5) — muoxkecrso GY = {z | gi(z) < &, i = 1,...,m+1} zaBesomo
ILyCTO, TO POJIb JOIycTUMOro MHoxkectsa B (14) 6yner urpars GY,, = {z | gi(z) < 6+ o, i =

1,...,m+ 1} nna nekoroporo a > 0. 3xech G2 1o # 9 (Va > 0). Kpome Toro, u3 orpannyeHHOCTH

MHOXKeCTBa, perieHnii y 3aauu (5) ceyer ee ycroiIrnBOCTb O OTHONIEHUIO K BO3MYIIEHUIO [TPABBIX
qacTeit orpanndenuii. Jpyrumu cioBaMu, OyeT cpaBeinBa CJIeIyIONast JeMMa.

JIemma 2 (cm., Hanpumep, [9]). Jas aro6oz0 a > 0 6ydem paspewuma 3adaua
min{fo(z) | z € Go1a} (= fo);

sdecy Goyo = {7 | gi(x) < d4+a, i = 1,...,m+ 1}, npu omom fo — f (o — 0), 2de f —
onmumanvroe snaverue 3adavu (5).
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Taxum o6pa3oM, MpeaMeTOM JabHEHIIero ncciaeqoBanus OyIeT 3a1a4a,

inf {B(m,q) = fo(z) + ¢ [Em: ! + ! }} (15)

N —ota—filz) ct+atd— |z
e ¢ = [g,a,d], e >0, >0,d>0.

Teopema 2 [14]. /Jas moboeo q = [, a, d] > 0 cywecmsyem mouka T(q) € Gsta, 044 KOMOPOT
B(z(q),q) = By = inf B(z,q).
z€ G4a
PaccMoTpuM fastee 3aBUCUMOCTD pertenns 3aia4u (15) oT n3MeHeHns: mapaMeTpoB € U (v, CIuTast
nocroguubiM 3Hauenue d = dy. [lycrs 3amana mocie0BaTeILHOCTL 3HAYEHU ¢ = q = [e, O, do],

1>ep>ep1>...>0,a, >0, k=1,2,.... Ilonoxum
_k .
= B 16
7" = arg min k() (16)

rme Bk(ﬂf) = B(x7qk), Gi = {x | gl($) <otag, i=1,...,m+ 1}
Teopema 3. Ilycmv ¢ memode (16) lim e = lim o = lim e/ = 0. Toeda wobas npe-
k—o00 k—o00 k—00
deavras mowka nocaedosamenvrocmu {ZF} npu k — 0o 6ydem obobwenvim pewenuem H3 BIT (1).

Hoxaszarennbctso. Obosnaunm uvepes T o6obmennoe pemenue (1) (pemenue 3a1a-
@ (5)), fo(z) = f. Bamaga (16) paspemmma ajst soboro k = 1,2,..., U TOCIEI0BATETLHOCTD
{z*} orpammuena. Ilycts & — npemembmas Touka {ZF} mpu k — oo, fo(Z) > f. Cupasenussr
COOTHOIIIEHUST

m—+1
=k —k . _ _ €k
") < Bp(Z") = min Br(x) < Bi(x) = fo(x) + Nz 17
fo(Z¥) < By (z%) min k(z) < Bi(z) = fo(Z) ;U—Fak—gi(l‘) (17)
_ - - _ 1 1 .
Tak kak ¢;(Z) < 0,106 —gi(T) +a > >0n ————— < — (i=1,....m+1; k=
o+ar—gi(T) -
1,2,...). Hpumenss sty onenky B (17), momyunm fo(z¥) < mgl B(z) < f+(m+1) =k Orcrona
_ _ re Tk (692
f < fo(@) = lim fo(z%) = lim min By(z) < f, me. fo() = f. O
k—o0 k—oo TGy
Bamernm, 9To napamerpsl 3ajgaun (15) MoxkHO oupenesuTs BekTOopoM ¢ = [g,0,d], rue o > &.
[TousiTHO, YTO TaKoil HAOOD SKBUBAJEHTEH IMPEXKHEMY ¢, €CJIU IMOJOXKUTb 0 = G + (@ U CINTATh

a > 0. B Teopeme 3 mapaMerpel € ¥ @ MOKHO H3MEHSITH COIVIACOBAHHO, HAIIPHMED IOJOKHUTD (), =
/& Torna nocnenoparemsnocts ¥ = x(y), BoipabarbiBaemas MeronoM (16), cormacno (17) Gyer
yaoBreTBopaTh onenke fo(z%) < Bi(zF) < f+ (m + 1) \/zx.

N3 dopmynupoBkr MeTO/1a KBA3UPEIIEHUI OYEBUIHO, ITO OOJIBINTOE 3HAYEHHE WMeeT 3HAaHNe
BEJIMYHUH & 1 d. DTH BEJIMYUHBI, B 9ACTHOCTH, MOTYT TapaHTHPOBATD € IMHCTBEHHOCTL 0G0BIIEHHOT0
pemenns juis H3 BIT.

[Tycrs B 3ama4e (5) BMecTo & = min ||g7 (z)||o B3Ta Bemmuuna 6+ A, A> 0. Torya B KauecTse
HEKOTOPOro HpuOJMKeHust Jjist onTuMasbaoil koppeknnu H3 BII moxkHO npuusaTh 3a1atdy

min{ fo(z) | = € Gsra), (18)

rie Gsin = {x | gi(x) < 6+ A, i =1,...,m+ 1}. Obosnaunm 1epes T, pemenne sagaan (18),

fo(Zs) = fa. B cumy nemmbr 2 lim0 fa = f — B 9TOM U 3aKJII0YUAETCST AIIPOKCUMAIIMOHHBINA CMBICIT
A

sazaun (18). Anasor meromna (16) npuobperaer ciemyromuii Bu:

HallTI

i* = arg min By (z), (%)
zeG),
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o m+1 Ek
vae By(z) = fol@) + 3 = —gi(x)

er € (0,1], o € (0,1], k =1,2,....

IIpuiep:KuBasich CXeMbl JJ0Ka3aTeIbCTBA TEOPEMbI 3, HETPY/HO YAOCTOBEPUTHCA B TOM, YTO IIPH
TEeX JKe YCJIOBHSX Ha [apaMeTphl £ U (, KAK B TeopeMe 3, Jiobasi IpejesibHas TOUYKa [HOCIeI0Ba-
remsroctn {Z%} u3 ycnosus () npu k — oo Gyger permenuem 3agauu (18).

G, =1z | gi(z) <o+ A +oy, i =1,...,m+ 1},

BameruM, uro 3azava (*) — wacTHbI cirydail obIeli TTOCTAHOBKU JIJIsl METO/IA KBa3UPEIIeHUt:

m+1 c
inf {B z,q) = fo(z) + 7}
2€GO ( 7q) fO( ) ;U—gz(x) )
mezr € G ={x|gx)<o i=1,...,m+1}, o> &, ¢ > 0. [losromy 37eCh IPUMEHEM AHAJIOT

TeopeMbl 3 u3 craThu [14], B COOTBETCTBUU € KOTOPOI MOXKHO yKazarb KoHcTanTy C' > 0 Takyio, 4ro
CIIpABEJJINBA OICHKA

0 < By — fa < C /e,

= . _ m+1 €k 9
rae Bk = meIICl;l&IiA{B(‘T,Ek) = f()(x) + Z:Zl m}, gk € (0, A /4)

3. A.TIl"OpI/ITMbI HaXo2KAeHnd BeJIMYMHDbI o

[Tpengioxkum aBa anropurma onrumasbaoit koppekiu H3 BIT (5), ocHoBaHHBIX HA IPUMEHEHUH
HekoTopoit Momudukanun dyukuun B(x,q) uz (15). Usmenenust B B(x,q) COCTOSAT B TOM, 4YTO
BMeCTO (PUKCUPOBAHHOI'O 3HAYEHUsI 0 BBOJWUTCSI ITPOM3BOJIbHBIN YIIPABJISIIONINI TTapamMerp oy > 0.
Onpe/iesienne »Ke 3HAYEHUS § SBJISAETCST OJHON U3 nesieil paboThl aJIrOPUTMOB.

Aanroputrwm Al. Ilycrs xg — npousBosibHast Touka u3 R™, ap, 6 — mociaegoBaTebHOCTH
[ee]

HOJIOKUTEIBHBIX UHCET TakKue, 9T0 y, ap < 00, klim 0 = 0. Honoxum o9 = ||g+ (20)]0o, Tae
k=0 —00
9(x) =[01(@), -, gm1(2)], gi(x) — w3 (5) (1 =1,...,m+1);

VY ={z|gi(z) <oo+ag, i=1,...,m+1}.

Omumem (k+1)-10 ureparuio ajJropuTMa, CauTasi U3BECTHBIME TOUYKY T, IAPAMETPBL O, Ok, O

u muoxectso Y = {z | gi(z) < o) + ag, i =1,...,m + 1}. Ilocrpoum dbynxmmo
m+1 1
By(x) = fo(z) + ; crton—gi@) 7 0,
OIIPE/IC/IUM TOUKY Tj41 € Y)) CONIACHO YCJIOBUIO
Bi(zk41) — inf Bg(x) < 0. (19)

:(:EYIS
[Monoxkum 011 = ||gF (1) 0o-

Teopema 4. [Tycmwv 6 sadaqe (1) X = &, 6 3adaue (5) muoorcecneo Gs = {x | gi(z) <&, i =
1,...,m+1} cocmoum us odnoti mowwu: G5 = {Z}, fo(x) > f > —oo (Vo € R?) uep = o > 0 (V).
Tozda dasn nocaedosamenvrocmets {or}, {zr}, evpabamueaemvir arzopummom Al, cnpasedruen
PAGEHCMEa

lim o =0, lim z = 2.
k—o0 k—o0
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HJoxkxasarenbctTso. Tak kak X = @, 10 03, > 0 (Vk). O6osnaunm f, = inf{fo(z) | v €

Yko}. B cuiy ycnoBust gpm41(z) < 0 + i MHOXKECTBO Yko OTpaHUYEHO, CJIEIOBATEIBHO [ > —00
(Vk). Obpasyem MHOXKECTBO

Ek .
M:{ (2)<optap— —r =1, +1},
k=7 | 9i(@) <or +ap B o m
_ 1 _ I
e BF = f+ w, f = fo(z). Ouesnnmo, uro G5 C Y (Vk). Hostomy f > fr u BF —
op — 0 + oy

fr + 0 > 0. CnenoBaresnnuo, My, C Yko. Tak xak MHOKecTBO M}, KOMIakTHO B R™, TO CyIIiecTByer
Touka Y € M} Takas, uro By (yr) = min Bg(z).
€M

[Tycrh Jyist HEKOTOPO# TouKM &' € YIS BbInOJIHsIeTCst HepaBeHeTBO By (x') < By (yx). Torma s
T € G5 nmeeM

m+1
_ €k / gk ,
+ < folz") + =Br(x')<B
fk O'k—l—()(k—gi(gj/) fO( ) 12:; 0k+ak—gi($/) k( ) = k(yk)
m—+1
T f Sk . (m+1)eg k k
< By(z) = <f+—— 2k _BEopBFig,
< By(%) f+2.z:;<7k+04k—gi($)_f+0k—5+ak + 0y,
OTCIOrHa gl(f]}'/) < O + o — m, = 17 e, m o+ 17 T. e. .Z'/ c Mk HOSTOMy Bk(yk) _

min Bi(x) = inf Bi(x).
2in Bi(@) 2EY k(@)

[Tycrb Touka xp4q yaosiaerBopsier HepasencTBy (19). Tak Kak zji1 € Yko, TO

€k

fk‘l‘ < Bir(xg11) < Be(yg) + 0 < Br(Z —|—9k<Bk+9k.
o + ak — gi(Tkt1) (@h+1) W) @)
3Ha4uT,
€k .
i(x <opt+oap——————, t=1,....,m+1 20
9i(@r41) <ok +ap g, (20)
O4eBUIHO, YTO
= m-+1)e oz €
B o= U g R Sy
oL — 0+ ag oL + o
€k
MO3TOMY O + ) — ———— > 0 m u3 (20) cirenyer
y B 10 (20) cey
€k
O<oppmi<opt+ap————<opt+ar, k=0,1,2,.... 21
+1 Bk — fk; T Hk ( )
(o.]
I3 mociieJHIX HEPABEHCTB U YCJIOBUS . (v < 0O BbITeKaeT (cM., Hanpumep, [4]) cxoaumocTs 1mo-
k=0
crieioBaTeIbHOCTH o). Kpome Toro,
lim (o — ok41 + ax) = 0. (22)
k—o0

Kparkoctn paam o6osuadnM A\, = f — fr + Oy, Pitl = O — Oyl + g, Vg = 0 — 0 + ag. U3
€

HepaBeHcTBa (21) cienyer kif < pg+1. OTCIONA, BCIOMUHAS ONpeJeieHIe Bk, IIOJIy YaeM
B — fi, + 0k
€ - - m+1)e m+1)e
. <Bk_fk+9k:f_fk+9k+(~#:)\k‘i‘@-
Pk41 Ok — 0+ oy Vi

U3 sToro HepaBEHCTBa BbITEKaeT

vk(ek — M pier1) < (mo+ 1) g pgy1-
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Tax Kak 10 YCIOBHIO TeopeMbl € = €9 > 0 (Vk), a 3nadenme A, orpammdeno: 0 < A\, < f — f + 6o,
TO JIJIE JIOCTATOYHO OOJIBIIOro k umMeeM €9 — Ak i1 > 0, a moromy

(m+1)perr o

- > k). (23)
1— X purs1 6y

v <

Orciona u u3 (22) caenyer lim v, = lim pgy; = 0, a noromy
k—o00 k—00

lim o = lim (vy +6 +ax) =0. (24)
k—o00 k—o00

Uz (23), (24) u ycaoBuil TeOPEMBI Oy daeM

oo

Im+1(Tpg1) = ”xk+1H2 —do < op+ap <og+ Zak = const,
k=0

T. €. IOCJIeZIOBATENILHOCTD {X } orpanndena. [lycrs x* — ee npesesnbuasi Touka npu k — co. B cuiy

(20) m (24) gi(z*) <57, i =1,...,m + 1, cnegosarensno, z* € G5 u klim xp =a* =I. O
—00

Anropurm Al MoxkHO MOIUMUIMPOBATEL, U3MEHUB IPABUIO BHIOOpA IapaMeTpa .
Anropurwm A2 Ilycrs g € R™, 09 = ||g7 (20) ||, €k = €0 € (0,1], 8% € (0,1], klim 0, = 0.
—00

I[To anasoruu ¢ aaropurmom Al onpesenum byHkuo By () 1 MHOXKECTBO Yko. Haiimem Touky 1
u3 ycaosus (19) npu k = 0. Iomoxum

o1 = lg"(@1)]leos 1 =00—01+0ag, 0<ar <min{u,6:}.
Ha (k + 1)-m mare HaxoauM TOUKY Zp41 B coorBercTBHU C (19), BBIUHCIsICM

Ohr1 = lg7 (@i 1) lloos  Bh41 = Ok — Opg1 + iy 0 < gy < min{ppy, Opp}-

Teopema 5. Anzopumm A2 evipabamueaem nocaedosamenvrocmu {o}, {xr}, das Komopux
a) lim oy = &;

k—o0
b) arbas npedeavras mouka nocaedosamenvrocmu {xy} donycmuma 6 3adaue (5);

¢) lim fi = f, 2de fr = min{fo(x) | x € Y{'}.

HoxaszarTeuabctTso. Creays cxeMe I0Ka3aTelbCTBA TEOPEeMbl 4, MPUXOIUM K HepaBeH-
crBy (21). U3 mero Beirekaer, uro pigr1 > 0 (Vk) u, sHaunt, 0 < apq < pgs1. OTcioma ke nosyda-
eM, UTO klim ar =0u oy + apyp1 < ok + oy, T €. TOCTEAOBATENBHOCTD Y, = Of + (i MOHOTOHHO

—00

yOBIBaeT W orpaHuveHa cHudy BeaumduHou ¢. [lostomy cymecrByer lim o = o > &, a Takxe
k—00

: _ 0 0 0
kh—>Holo pk+1 = 0. B cuy monoronnocTu 7y, cnpaseiymsel coornomenust G C Yy, C Y C Yy
Tora GyIyT BLITOIHATHCH HepaBeHcTBa f > fry1 > fr > ... > fo. VI3 9THX HepaBeHCTB 1 JIeMMBI 2
crenyer yrepxkaenue ¢): lim fi = f.

k—o0

[ocnenosarensuocts A, u3 (23) Gyner orpammuennoii: 0 < Ay = f — fr + 0 < f — fo + 6o,
[I09TOMY OIDaHUYEHO U 3HaYeHNe 3HaMeHares s B (23), uro coryacto (22) u (23) Biieyer BbIIOJIHEHUE
paBeHCTBa a): lim o} = 4.

k—o00
O6o3HauMB Uepe3 I NIpeJIeJIbHYI0 TOUKY IocsegoBareabHocTu {xg} npu k — 0o, U3 TOro, 4To

klim Vi = &, moayanM & € G, T.e. IMeeT MeCTO yTBepzKjaeHue b). O
—00

Bameuanue 1. Anropurm A2 B omimune ot Al He Tpebyet, 4T06bI MHOKECTBO (G5 COCTO-
SUTO U3 OZIHO# TouKM 1 4T00B! byuKnus fo(x) Oblia orpanndena cuusy Ha R™. C apyroit cTopomsr,
upegnosoxkenne Gy = {Z} MOXKHO He cuuTarh Yepecuyp obpemenuresbubiM. Ecin Xz # &, TO BbI-
TTOJTHEHHE TAHHOTO YCJIOBUS MOXKHO ODECIIETNTD MOIXOSIIINM BEIOOPOM TTapaMeTpa d B 3aBUCUMOCTH
ot d u &. Ilonpobree o BbIGOPE d pednb HoimeT B pass,. 4.
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Sameuganue 2. AmropurMmel Al, A2 1pu npaxTUIecKOl peaau3alii IPeAIIoIaraloT yMeHHIe
YHCICHHO PeNiaTh 339y MUHIMU3AINN BBILYKJIONH (DYHKINN N HepeMeHHbIX By () Ha BBITyKJIOM
MHOXKECTBE € 3aJIaHHoi TogHOCThIO (M. (19)). CyriecrByer obrmupHasi JIUTEpaTypa, e IPUBOISIT-
cst 3ddekTUBHBIE METO/BI pelleHnst 1moJ00Hol 3agaun (cM., Hanpumep, [4;11]). B namem ciaydae
HOJIOZKUTETHLHBIM MOMEHTOM B BBIOOpE HOJIXOJAINEro Meroia Oyier crpykrypa dyukmun By (z),
KOTOpasi 00J/i1a1aeT BBICOKOM CTEIEHLIO IVIAJKOCTH HpHu ycjaoBuu auddepeHmpyeMocTn (QyHKIIIi
ucxouoi 3aga4n (1). D10 06CTOATENBCTBO MO3BOJISIET IPUMEHSITD Jjisi MUHUMu3anuu By (x) airo-
PHUTMBI BBICOKOTO MOpsiyika (Tuna mMerona HpoToHa), 9T0 BBINOAHO OTiaMdYaeT 6apbepHyio (yHKIUO
OT CTAHIAPTHBLIX (PYHKINH BHEIIHEro mrpada.

4. OO6 onpepenenuu napamMerpa d B MeTOJ€e KBa3UpeIleHuid

Metron kBasuperennii (15) onpenensiercss HabopoM napamerpos &, o, «, d. B pasm. 1 yxe
oTMedasach ocobas posb BhGopa d = d. B Teopeme 1 ycTamoB/eHA TecHAs CBS3b MEKIY STHM
BBIGOPOM ¥ BEJIMYIMHAME ONTHMAJIBHON KOPPEKIMN OrpaHUYeHuil 0 = 0 u 0 = §. 3HAHUE TOYHBIX
3HaYEHNil d 1 0 3HAUYATEIHHO YIPOCTHIIO ObI HaXoxieHue obobmienuoro perrennst H3 BII.

[okazem, ITO B pajie CIydaeB Jjis HAXOXKJCHHS Tapamerpa d MOYKHO TOCTPOHTDL JOCTATOY-
HO IPOCTOHl MTEPATHUBHBIA ajropuTM. BymeMm cuurarh, 9TO MMEETCss MeTOs Oe3yCIOBHONH MUHU-
mMu3aryn HYHKIUHA MHOIUX [HEPEMEHHBIX, O3BOJIAIONH 9(DMEKTHBHO BHIUACIATD BEJIUINHLL 0 =
min || f*(z) oo 1 &4 = min ||g] (2)]cc. Torma MOXKHO IPeIOKUTL HTEPATUBHDLI METO/ HAXOK IeHHs1
napamerpa d, OCHOBAHHBII Ha CPABHEHHH BEJMYHH Gg u & (cM. coorromenus (6)—(11)). TlomsarHo,
9TO TIPM W3BECTHOM & 3HadeHme d MOYKHO MCKATh HENOCDPeICTBEHHO, MPOEKTHPYs TouKky ¥ = 0 Ha
BBIIIYKJIO€ MHOXKeCTBO Xz. OJHAKO peIleHne 9TOi 3a/1adi yCJIOBHO MUHUMU3AIMHA MOXKET HOTpPe-
6oBaTh GOJIBIIE BHIYUCIUTEIBHBIX 3aTPAT, YeM MOCIEA0BATEILHOE HAXOKICHUE THCEIT 0.

Anroputwm B (onpenenenue onTuManIbHOTO 3HaMeHNsT TapaMeTpa d = d B MeTO/ie KBasnupe-
menwuit). IIpeanonoxum, uro B 3amaue (4) d = d > &. Torga MoxuO BHIGPaTH HETEpBaT A) = [ag, bo),
Joxam3ytonmit sHavenne d: ag < d < by U YIOBJIETBOPSIONHI YCAOBUAM Gqy > 7, 0p, = 0. llepBoe
u3 aTEX ycaosmii cornmacuo (11) Bemonnsercs, korga 0 < ag < d — &, Bropoe yciaosue B cuy (6)
mveeT MecTo Tipu by > d. O6osradmM mymmy |Ag| = by — ag orpeska Ag uepes p. [lomaraem do = ag,
HaxomuM di = (ag + bp)/2, BeraHCISIEM 01 = G4,. Ecin 61 > &, To cunraeMm a; = dy, by = by; ecin
5’1 =0, TO a1 = ag, bl = dl. HOHyLII/IM OTPE30K Al = [al,bl], dl S Al, ‘Aﬂ = bl —ay = ,0/2.

Bamernm, 4ro npu &1 > & u3 (7) cuenyer, uro dy < d, 7 < d —dy (re.dy < B =d—5) n
B € Ay = [dy,bo]. B ciywae 61 = & mmeem ;6o di > d (em. (6)), 6o di < d u (em. (7)) & > d—dy,
T.e. dy > B uf €A =[ag,dy]. Takum obpazom, B oboux ciaydasx [ € Aj.

[Iycrs naiinen orpesok Ay = [ag,by|, vae G4, > 0, 0p, = 0, d € Ay, |Ag| = p27F B €
Ay. Obosmaumm dyy1 = (ap + by)/2, BorawcInMm Gy 1 = 04, EBemu Gpy1 > 0, TO mojaraem
a1 = dy1, bep1 = bg; e Gpq1 = 0, TO Ayl = Ak, bry1 = dig1. 31ech diy1 € Apyq C Ay,
|Apr1] = bpyr — aprr = p2- D 3 € Apyy (mocieamee BKIIOYEHHE ClIEyeT U3 PACCYKICHILIL,
AHAJIOTUIHBIX TeM, 9TO 1 i [ € Ay).

Ipu 3amannoit TounocTu € > 0 anropuT™ B ocramasimbaercs uepes k mraros, riae k — MUHH-
MaJIbHOE TIeJI0e pellleHne HepaBeHcTBa p < 2¥e. B pesysbrare paboThl A/ITOPUTMa BOSHUKAET CHCTEMA,
BJIO’KEHHBIX CerMeHTOB 3 € Apy1 C Ag, JIUHB KOTOPBIX CTPEMSATCS K HYJIO TIPU BO3PACTAHUH K.
Torma cymectBytoT npegenbl lim di = lim a; = lim b = 8. Takum obpazom, lim di = 8 = d—a,

B k—00 k—o00 k—00 k—00
T.e. d =0+ lim dj.
k—o0
[Ipounntoctpupyem pabory asnropurma B Ha cieaytoriem mpoctom npumepe H3 BII B mpocTpan-

cree R2.

MMpuwnmep 1. Ucxoanas H3 BII B mpoctpanctse R? = {z = [x1, 23]} mmeer Bug

min{z: (21 — 2)2 —x9 < =2, x1+ 9 <4, —x1 + 229 < 0}.
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Tadbauma 1
Pesynbrar paborsr asropurMma B Ha npumepe 1

k d. O ag b ’Ak’ = 2_kp
0 ) 1 ) 10 )

1 7.5 o ) 7.5 2.5

2 6.25 0.75 6.25 7.5 1.25
3 | 6.875 o 6.25 6.875 0.625
4 | 6.5625 o 6.25 | 6.5625 0.3125
5 | 6.4062 | 0.66 | 6.4062 | 6.5625 0.1562
6 | 6.4844 | 0.644 | 6.4844 | 6.5625 0.0781
7 | 6.5234 o 6.4844 | 6.5234 0.0391
8 | 6.5039 o 6.4844 | 6.5039 0.0196
9 | 6.4941 | 0.635 | 6.4941 | 6.5039 0.0098
10 | 6.499 0.63 6.499 | 6.5039 0.0049
11 | 6.5014 | 0.6275 | 6.5014 | 6.5039 0.0024
12 | 6.5026 | 0.6263 | 6.5026 | 6.5039 0.0012
13 | 6.5032 | 0.6256 | 6.5032 | 6.5039 0.0006
14 | 6.5036 | 0.6253 | 6.5036 | 6.5039 0.0003
15 | 6.5038 | 0.6251 | 6.5038 | 6.5039 0.0001

Baecb X = @, 6 = 0.625, X; = Xz = {7}, # = [2.25,1.4375]. Orciona d = |z|*> = 7.129,
B =d— & = 6.504. Tenepnb ompe/iesnM BeJIHIUHY d ¢ TIOMOIIBIO aaropuT™Ma B.

B kavecTBe HauaibHOrO oTpeska Ay BozbMeM Ay = [ag, by] = [5, 10]. Ero mqymna |Ag| = by —ag =
p = 5. Beramcinm BeJIMYUHBL Og, U Op,. VIMeeMm G4, = 1 > 0, 03, = 0.625 = o. Ilonmaraem dy = ay,
dy = (ag + bo)/2 = 7.5, naxomum G4,. Tak KaKk G4, = &, TO caemyoomuii orpe3ok A = [ay, bi] =
[ap,d1] = [5,7.5], |A1| = p/2 = 2.5, B € A;. Homaraem do = (a1 + b1)/2 = 6.25, maxonum
Ody = 0.75 > 7, Ay = [a2,b2] = [dg,bQ] = [6.25,7.5], |A2| =1.25 = p/4, 8 e As.

[Tpomoikas n gajee CaemIoBaTh AIrOPUTMY B, IOy IuM pe3yabTaThl BHIYUCICHUI, IPUBEICHHbBIE

B Tabs. 1. 13 Taba. 1 ciemyer, uro lim di = lim ap = lim b, = 6.5039. Takum obpazom, d =
k—o0 k—o0 k—o0

o+ klim dp = 0.625 4 6.5039 = 7.129. IIpu sTom TounoctTs € = 0.1 mocruraercst uepe3 6 ureparuit
—00
agropurMma B, tounocts € = 0.01 — uepe3 9 urepanuii, a € = 0.001 — gepe3 12 ureparuii.

Sameuanue 3. dig paborsl anropurMa B HEOOXOIUMO 3HATHL YHUCIA ag U by, J1j1sI KOTOPBIX
0<ap<d—a, d<bo. (25)

Yenosue (25) MOXKeT M He BBINOTHATHC Jiuist KoHKperHoit H3 BIT.

IIpuwmep 2. Bupocrpancree R? = {x = [21, 73]} paccmorpmym 3amaay
min{f(](x): fl(:E) <0, 1= 172}7 (26)

rae fo(x) = x1 + 3:%, filx) = z1 —x9 + 4, fo(x) = =21 + 22 + 2. Buecp X = &, (26) — H3 BIIL.
[Tocrpoum st Hee ammpokcuManuio (2):

min{ fo(z): © € X5 = {z: —x1 + 22 =1}}.

B sroit zagade ¢ = min || f ()| = 3, p(0, X5) = ||Z||, # = [-0.5,0.5], d = ||z||*> = 0.5, d < &.
B merone kBazmpermennit

min{ fo(x): —x; +x; =1, 22 +23 < d} (27)

It Toucka d = d ajiropuTM B HenpuMeHuM, MOCKOJIBKY yeaoBue (25) He BBIIOJIHSAETCS.
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Tabnuma 2
Pesynbrar paborsl asropurma B
mocJie 3aMeHbl TePEMEHHBIX

k dj, Ok = 04, ay b | [Ax]=2"%p
0 8 5 8 40 32

1 24 3 8 24 16

2 16 4 16 24 8

3 20 3.6 20 24 4

4 22 3 20 22 2

5 21 3.5 21 22 1

6 21.5 3 21 21.5 0.5
7 21.25 3.25 21.25 21.5 0.25
8 21.375 3.125 21.375 | 21.5 0.125
9 | 21.4375 3.0625 21.4375 | 21.5 0.0625
10 | 21.4687 3.0313 21.4687 | 21.5 0.0312
11 | 21.4843 21.4843 | 21.5 0.0156

B szamaue (26) chenmaem 3ameny nepemeHsbix. [losoxkum z1 = y1 + 3, 2 = y2 — 3. B HOBBIX
IIepEMEHHBIX TTOJTyYnM 3389y

min{fo(y): fily) <0, i = 1,2}, (28)

e fo(y) = v+ (y2 —3)2 +3, fi(y) = y1 —y2 + 10, fa(y) = —y1 + yo — 4. Tocre onTimabHOi
KoppekImu (28) 1o mpaBbIM YaCTAM OrDAHMYCHUIT BOSHUKAET 3aJ1ada

min{fo(y): y € Yz}, (29)

e Y, = {y: ﬁ(y) <o, i =12} ¢ = min{o: Y, # &}. B nameit curyanuuu 6 = 3, Yz =
{y: —Y1ty2= 7}7 p(O,Y(}_) = Hg = [_35735]H? d= dy = Hg||2 =24.5.

Tax kax B 3aza4e (29) d, > &, TO ajgropur™ B MOXKHO IPUMEHUTD I HAXOXKICHUS OITHMAIIb-
HOro 3HadeHus napamerpa d B METOJIE KBa3UpEIIeHNMil:

min{fo(y): —y1 +y2 =7, vi +y3 <d}. (30)

Bnecn dy, = 24.5, ¢ = 3, 8= d, — & = 21.5. B kauecTse navambuoro orpeska Ag = [ag, by] BozbMem
Ay = [8,40]. Obosnauast 64 = min||g} (z)|eo, BErMUCIEM do = ag, G4y = b > T, Gpy = 3 = 0,
p = |Ag| = 32. Pesynbrarel paborsl anropurMma B npuBeseHbl B TabuI. 2
Uz Tabu. 2 cremyer, aro lim di = lim ai = lim b, = B = 21.5. Orciona 1Ist 381841 (30) Ciy =
k—o00 k—o00 k—o00

o+ B =3+421.5 =24.5. [Tpu sTom mocturmyra Tounocts € = (.01 Ha 12-if mrepanun aaropurma B.
Iycrs B 3aa4e (30) dy = p*(0,%), tae § € Y5NQg,, T U2 +93 =d, =245, —j1+72 = 7. Torma B
sagade (27) d = dp = 3+ 73 = (11 +3)2 + (G2 —3)? = G2+ 53 +6 (71— o) + 18 = 24.5—42418 = 0.5.

5. CxoamMocTh MeTOoZa KBa3sWpelleHN B cJiyvae HETOYHOU mHdOpMaIun

PaccMoTpuM HEKOTOPbIE OCOGEHHOCTH METOJa KBA3UPENIeHUil IPH aHa/n3e BO3MYIICHHBIX 3a-
nmaa BIL Ilycrs dyuakium 3amadu (1) 3a1aHbl ¢ HEKOTOPOI MOTPENTHOCTHIO, & NMEHHO BBITOTHIIOTCS
yesosus (12), re nmorpentaocTs ¢; (2, §) COMIAcOBaHbI CO CTAOMIN3ATOPOM 2() B CIIEILYIOIIEM CMBIC-
ne: pi(x,0) =0 (1+Q(z)) (Ve € R™), § > 0 (cMm., nanpumep, [4]). Takum obpasom, cauTaeM, 4To B
HCXOIHOI 3ajiade BMecTo fi(z) ompeiesieHnl HerpepbisHble byHKImn £ (), 171 KOTOphIX

@) = fil@) <61+ [)®) (i=0,1,....,m), VzeR", §>0. (31)
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Torpa 3agaqa (5) nupuobperaer dopmy (13), a anasor 3amauun (15) GyaeM paccMaTpuBaTh B BHJIE

[ € 32
xlenca{ (z,q) = +Za+a—f§x)+0+Oé+d—||$”2}7 %

=1

rie G‘; ={z| gf(az) <&4a,i= L,...,m+1}, gf(az) = ff(a:), 1=1,...,m; gfn+1(a:) = gm+1(x) =
|z|2 —d, ¢ = [e,0,a,d], e € (0,1], 0 >5°, > 0,d>0,0>0,5 =inf|lg" (2)]oc-

JIemma 3. Ecau ewvnoanens, ycaosua (31), mo
a) daa 06020 § > 0 umeem mecmo Hepasencmeo

5’ <a+601+]z)?), (33)

ede T = argmin{||z|| |z € G5}, G5 ={z | gi(z) <o, i=1,... ., m+ 1}
b) mmoocecmeo GO, nenycmo u ozpanuveno das aobvix 6y > § >0, ag > a > 0;
¢) ecau Dy =d+ 6 + ag + 0o (1 + ||Z||?), mo enpasedausv coommowernua

G5 C G C Gspaa (Va>0, §€(0,a/(1+ Dy))), (34)
ede Gsion ={z ] gi(x) <o+2a,i=1,...,m+1}.

HNokasarTeabcTso. a) M3 onpexerenns (31) mist moboro z € R mveenm [|g° ()]s <
19" (@)oo + & (1 + ||2]|?), oTcrona

inf g (2)llos < f{llg* (@)lloc + 8 (1 + [l2]*)} < g™ @)lloc + 6 (1 + 12]%),

T. €. CIPaBE/INBO HEPABEHCTBO (33).
b) Tak xak &0 = igf 19°" (#)]|lse = 0, TO 1O ompeaenenmo onepamuu inf s moGoro S > 0
CYIIECTBYET TOYKA $% TaKasi, 9TO
lg°" (@) llo < &° + B, (35)
Te. pu =B 25 € G5 u G° # . Mycrs 2/ € GY,. Torma B coorsercTsun ¢ (33) MOTyHHM
gmir (@) = |2/ P—d <6’ +a <5 +a+(1+ |z,

orkyma cienyer ||2']|2 < Do = d+6+ag+06o (14|Z]|?). Takum obpazom, muozkectso G, orpanuteno
(V6 € (0,00], a € (0,ap)).

¢) AHaJIOrMYHO BBIBOJY HepaBeHCTBa (33) st moboro x € R™ u Touku :1:55 u3 (35) mmeem
- . +
= inf [lg% (@)oo < mf{llg” (@)lloc + 8 (1 + [|2]*)}

< lg* (@)oo + 8 (L + [|23]*) < & + B+ (L +Dg) (B € (0,4]).

Crenosarensno, misg T € Gy momyunm ¢;(Z) < 6° + B+ 6 (14 D) < 6% 4+ a, ecm 0 < § < 6,
a > (2+ Dy). Takum obpasom,

Gs CG% mpu 0<6<a/(2+ Dp). (36)
[ycrs 2’ € GS,. Torma
gi(@") < gf (&) + 0 (1 + ['[*) < llg°" (') loe + 6 (1 + Do)
<G +a+d(1+Dg) <e+5(1+|E|})+5(1+ Do) +a<d+2a upn a>5(2+ ||+ D).

[TosTomy

G C Gyyoa mpun 0<6< (37)

a
2(1+ Do)’
U3 (36) u (37) caemyer yTBepK/eHHE C) JTEMMBI 3. O
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Teopewma 6. Ilycmov 6 sadave (32) o > 70 +a, a > 20 (1+ Dg). Toeda onmumarvioe 3nave-
nue BY omoti sadawu ydosaemeopaem ouenwe

. = €d
0<Bq—B‘5<2m(1—|—D0)$, (38)
de B B B 5 S
2de B = min z,q), B(x,q) = folz) + .
a7 eam (z,q), B(z,q) = fo(x) Z; o+ a— g(z)

JlokazaTeabCTBO. ECJII/IQS'GGg,TO

m+1 m
B(a',q) = fola) + Y ————— = foa) + © + d
(@4) = fo(@) ot a— g fol@) Hota—fia)  otat+d—|a|

+ fola) — o)) + 3 - N : '
’ " ;[U—l—a—fi(x) U"’O‘_fg(:n)]

m

(. / 1 1
< B+ 80+ +e 3| e — s ) (39)

1 _ 1
oc+a—filx)) o+a—fi(a))

O1eHnM pasHOCTh . Tak kak o > &9 + Qa, TO

o+a— fi(e') > +2a— fI@) =6 (L+[|2|*) > a =6 (1+[2|*)

o
> a2 2—-56(1+D 2 0 ———
> a2+ af (1+Dg)>a/2>0 upu 0< < 505 Dy’
! < —.T
IIO9TOMY —————~ —. laK KaK
Yota—fil@) " a
o+a— ) > +2a— fiz) > a>0,
1 1
10— —— < —. Taxkum obpasom, nmeem
cta—fl(z) «
I fila) = £() _ 260+ ')P)
ot f@) ota-fi@)  (G+a—fi@)o+a—fi@) a2

Vunrhisas noc/enee HepasencTso, 3 (39) aa moboro 2’ € G2 nonyuaem

2me
B(+'\q) < B(q) + 0 (1+ [o']) (14 255).

Orcrozia 1 n3 jtleMMbl 3 cejtyer coorHorenue (38):

)
min B(z,q) < inf B(z,q) < inf B° z,q) +2m(1+ Dy) —-. O
Lonin (z,q) < Dt (z,q) i, (z,q) ( 0) 2

Cdopmysupyem 001y 0 TEOPEMY O CXOAUMOCTH MeTojia KBasupemnieHuit (13).

Teopema 7. ITycmv 6 3adave (32) 0 > 0%+, a >0, -0, @ = 0, e/a — 0,0 < § <
2a (1 + Dy). Tozda B
lim inf B%(z,q) = f, (40)

z€GY,

2de f = f5 = min{fo(z) | v € G5}.
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_ _6 _
HokasareabctBo. B coorsercreun ¢ (34) umeem fz > fq (@) > fsi0a JUIst JTIOOBIX

a>0,0<0=9a«a) <2x(l+ Dy, rae fof @ — inf fo(z), fsi2a = min fo(z). Yanremsas
z€GY, z€Gs 424
JIEMMY 2, TIOJIyYUM

lim foe) = lim fo420 = f5 (41)
Mycrs o' € GS. Torma
S (a0 ~0 S (.0
oc+a—gi(z') >0 +20—gi(z') > a>0,

a IIOTOMY

m—+1

B‘S(x',q) = fg($/) + ; m < fO(l‘,) + 5(1 + DO) + (m + 1)

Qlom

CrenoBarensbro, ecin 2/ = Z(d,q) = arg min B (x TO
) ) q g . 6(&) ) q M
ST Epe

F@ — 5 (1+ Do) < fo(2(6,9)) — 6 (1+ Do) < f3(2(5,q)) < B*(2(3,9), q)

< B%(Z,q) < fo(Z) + 8 (14 Do) + (m + 1)

)

Qlm

rie & € Gz — obobmennoe permenne H3 BIT (1). U3 nocneaunx mepasercTB u (41) mosydaem
pasencTBo (40). O

3akJro4yeHue

Pabora mocssinena HaxoXKIeHUIO alpokcuMannonubix pemennii H3 BII, npexie Bcero 3amgau
C BOBMOXKHO ITPOTUBOPEIUBON crCcTeMOil orpanmdenuil. BejieacTBue 9acTOThI UX MOSIBICHUS B IIPAK-
THKE MaTeMaTHIECKOI'0 MOJE/JIMPOBAHNSA aKTyaJbHOI CTAHOBUTCS pa3paboTKa METOIOB KOPPEKIINU
TaKUX 3aJ1a9. DTOT [IPOIECC MIPEIIIoIaraeT IOCTPOEHNe ceMeiicTBa OJIM3KUX B OMPEIEIEHHOM CMBICTIE
pa3peIImMbIX Moeel, peleHne OHON 13 KOTOPBIX IpUHIMaeTcst 3a 0600mmentoe perrerne H3 BII.
B pabore 3a Momenb KOppeKIUU IMPUHATA 3a/ad9a MUHUMU3AINN eJeBON (DYHKIWMH Ha MHOXKE-
CTBE TOYEK MUHHIMYMa YeOBIIIEBCKON HOPMBI HEBA3KM OorpaHndeHuii. PaccMarpuBaemasi mpobiiema
9yBCTBUTE/bHA K TOYHOCTU 33JaHUSA CBOUX (PYHKIUI, ITOITOMY €CTECTBEHHOW SIBJISIETCS IOIMBITKA
HCIIOJIb30BaTh NIpH Koppekimun H3 naero peryisgpusanuyd HEKOPPEKTHBIX MOJEIeH ONTUMUA3AIIUN.
C 370l IeJab0 B KAdecTBe MeTOa pery/spu3alud B paboTe paccMaTpUBAETCS W3BECTHBIA MeTOJ
kBasupemnrennii. OcoOEHHOCTHIO MPUHSITON MOIN(MUKAIINA METO1a KBA3UPEIIEH sIBISIETCSI IEPEXO/T
K 3a7a4de 0e3yC/IOBHOW MUHUMHU3AIMH HE C IOMOINBIO METOIOB BHEITHEro mrpada, Kak OOBITHO,
a UCIIOJIB3Ys JjIs arperanuun OrpaHuYeHnil MeTO[ BHyTpeHHel ImTpadHOi (6apbepHoﬁ) byHKINN.
Taxoil moaxo npeacrapisgercsa 060Jiee MEPCIEKTUBHLIM ¢ TOYKN 3PEHHs] YNCJICHHON peain3allui, 10-
CKOJIBKY OapbepHas QyHKIUs 00/1aaeT Iy IIIIMA 10 CPABHEHHUIO ¢ (PYHKIUSIMU BHEITHEro mrpada
cBoiicTBaMu U HEPEHIIUPYEMOCTH, UTO IO3BOJIAET IPUMEHUTh METOIbl MUHMMU3AIMH O0Jee Bbl-
COKOTO TOpsifiKa cxoauMocTu. [IpeniokeHbl 1Be KOHKPETHbIE UTEPAIlNOHHbIE TPOIIELY Pl /TS OIIpe-
JeJIeHnsI ONTUMAaJIbHON Beandnabl Koppeknnn orpanndennii 8 H3 BII. Takeke mocrpoen ajaropurm
JIUIST BBIMUCJIEHUS 3HAUEHHS [TapaMeTpa PeryIsapu3alliid B MeTO/Ie KBasupelleHnid. SHaHNe BEJTUINH
[IapaMeTPOB KOPPEKIUNU U PEryJIsSpU3ali 3SHAYUTEIHHO YIIPOIIAIOT UCXOIHYIO 3a1a49y HAXOXKICHUs
o6obmmennoro pemenns H3. Takxke 1o cpashenuio ¢ paboroit [14] paccmarpusatorcs Gosee Tpaiu-
[IMOHHBIE CIIOCOOBI BO3MOXKHOIO BO3MYIIEHUs YCJIOBHI 3a1a4M.
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