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UNIFORM WITH RESPECT TO THE PARAMETER a ∈ (0, 1) tWO-SIDED

ESTIMATES OF THE SUMS OF SINE AND COSINE SERIES WITH

COEFFICIENTS 1/ka BY THE FIRST TERMS OF THEIR ASYMPTOTICS

A. Yu.Popov, T. V.Rodionov

Uniform with respect to the parameter a ∈ (0, 1) estimates of the functions fa(x) =
∑

∞

k=1
k−a cos kx and

ga(x) =
∑

∞

k=1
k−a sin kx by the first terms of their asymptotic expansions Fa(x) = sin(πa/2)Γ(1−a)xa−1 and

Ga(x) = cos(πa/2)Γ(1 − a)xa−1 are obtained. Namely, it is proved that the inequalities

Ga(x)−
x

2
< ga(x) < Ga(x) −

x

12

and

Fa(x) + ζ(a) +
ζ(3)

4π3
x2 sin(πa/2) < fa(x) < Fa(x) + ζ(a) +

1

18
x2 sin(πa/2).

are valid for all a ∈ (0, 1) and x ∈ (0, π].

It is shown that the estimates are unimprovable in the following sense. In the lower estimate for the sine series,

the subtrahend x/2 cannot be replaced by kx with any k < 1/2: the estimate ceases to be fulfilled for sufficiently

small x and the values of a close to 1. In the upper estimate, the subtrahend x/12 cannot be replaced by kx with

any k > 1/12: the estimate ceases to be fulfilled for the values of a and x close to 0. In the lower estimate for the

cosine series, the multiplier ζ(3)/(4π3) of x2 sin(πa/2) cannot be replaced by any larger number: the estimate

ceases to be fulfilled for x and a close to 0. In the upper estimate for the cosine series, the multiplier 1/18
of x2 sin(πa/2) can probably be replaced by a smaller number but not by 1/24: for every a ∈ [0.98, 1), such

an estimate would not hold at the point x = π as well as on a certain closed interval x0(a) 6 x 6 π, where

x0(a) → 0 as a → 1−. The obtained results allow us to refine the estimates of the functions fa and ga established

recently by other authors.

Keywords: special trigonometric series, polylogarithm, periodic zeta function.

REFERENCES

1. Bieberbach L. Analytische Fortsetzung. Berlin: Springer-Verlag, 1955, 168 p. doi: 10.1007/978-3-662-
01270-3 . Translated to Russian under the title Analiticheskoe prodolzhenie. Moscow: Nauka Publ., 1967,
240 p.

2. Zygmund A. Trigonometric series, vol. I, II. Cambridge: Cambridge Univ. Press, 1959; vol. I, 383 p.;
vol. II, 354 p. Translated under the title Trigonometricheskie ryady, M.: Mir Publ., 1965, vol. I, 616 p;
vol. II, 538 p.

3. Titchmarsh E.C. The theory of the Riemann zeta-function. Oxford: Oxford Univ. Press, 1987, 422 p.
ISBN: 0198533691 . Translated to Russian under the title Teoriya dzeta-funktsii Rimana, Moscow: Izd.
Inostr. Lit., 1953, 407 p.
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