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ORDER EQUALITIES IN THE SPACES Lp(T), 1 < p < ∞,

FOR BEST APPROXIMATIONS AND MODULI OF SMOOTHNESS

OF DERIVATIVES OF PERIODIC FUNCTIONS

WITH MONOTONE FOURIER COEFFICIENTS

N.A. Il’yasov

Denote by M
(r)
p (T) the class of all functions f ∈ Lp(T) whose Fourier coefficients satisfy the conditions:

a0(f) = 0, 0 < nran(f) ↓ 0, and 0 < nrbn(f) ↓ 0 (n ↑ ∞), where 1 < p < ∞, r ∈ N, and T = (−π, π]. We

establish order equalities in the class M
(r)
p (T) between the best approximations En−1(f(r))p by trigonometric

polynomials of order n−1 and the kth-order moduli of smoothness ωk(f
(r); π/n)p of rth-order derivatives f(r),

on the one hand, and various expressions containing elements of the sequences {Eν−1(f(r))p}∞ν=1 and
{ωl(f ; π/ν)p}

∞

ν=1, where l, k ∈ N and l > r, on the other hand. The main results obtained in the present paper

can be briefly described as follows. A necessary and sufficient condition for a function f from M
(r)
p (T) to lie in

the class L
(r)
p (T) (this class consists of all functions f ∈ Lp(T) with absolutely continuous (r− 1)th derivatives

f(r−1) and f(r) ∈ Lp(T); here f(0) ≡ f and L
(0)
p (T) ≡ Lp(T)) is that one of the following equivalent conditions is

satisfied: E(f ; p; r) :=
(
∑

∞

n=1 n
pr−1Ep

n−1(f)p
)1/p

< ∞⇔ Ω(f ; p; l; r) :=
(
∑

∞

n=1 n
pr−1ωp

l (f ; π/n)p
)1/p

< ∞ ⇔

σ(f ; p; r) :=
(
∑

∞

n=1 n
pr+p−2(an(f) + bn(f))p

)1/p
< ∞. Moreover, the following order equalities hold:

(a) E(f ; p; r) ≍ ‖f(r)‖p ≍ σ(f ; p; r) ≍ Ω(f ; p; l; r);

(b) En−1(f(r))p ≍ nrEn−1(f)p +
(
∑

∞

ν=n+1 ν
pr−1Ep

ν−1(f)p
)1/p

, n ∈ N;

(c) ωk(f
(r);π/n)p ≍ n−k

(
∑n

ν=1 ν
p(k+r)−1Ep

ν−1(f)p
)1/p

+
(
∑

∞

ν=n+1 ν
pr−1Ep

ν−1(f)p
)1/p

, n ∈ N;

(d) En−1(f(r))p + nrωl(f ; π/n)p ≍
(
∑

∞

ν=n+1 ν
pr−1ωp

l (f ; π/ν)p
)1/p

≍

≍ ωk(f
(r);π/n)p + nrωl(f ; π/n)p, n ∈ N, l < k + r;

(e) n−(l−r)
(
∑n

ν=1 ν
p(l−r)−1Ep

ν−1(f
(r))p

)1/p
≍

(
∑

∞

ν=n+1 ν
pr−1ωp

l (f ; π/ν)p
)1/p

≍

≍ n−(l−r)
(
∑n

ν=1 ν
p(l−r)−1ωp

k(f
(r); π/ν)p

)1/p
, n ∈ N, l < k + r;

(f) ωk(f
(r); π/n)p ≍

(
∑

∞

ν=n+1 ν
pr−1ωp

l (f ; π/ν)p
)1/p

, n ∈ N, l = k + r;

(g) ωk(f
(r);π/n)p ≍ n−k

(
∑n

ν=1 ν
p(k+r)−1ωp

l (f ; π/ν)p
)1/p

+
(
∑

∞

ν=n+1 ν
pr−1ωp

l (f ; π/ν)p
)1/p

,

n ∈ N, l > k + r.

In the general case, one cannot drop the term nrωl(f ; π/n)p in item (d) either in the lower estimate on the
left-hand side (for l > r) or in the upper estimate on the right-hand side (for r < l < k + r). However, if

{En−1(f)p}∞n=1 ∈ B
(p)
l (⇒ {En−1(f(r))p}∞n=1 ∈ B

(p)
l−r) or {ωl(f ; π/n)p}

∞

n=1 ∈ B
(p)
l (⇒ {ωk(f

(r); π/n)p}∞n=1 ∈

B
(p)
l−r), where B

(p)
l is the class of all sequences {ϕn}∞n=1 (0 < ϕn ↓ 0 as n ↑ ∞) satisfying the Bari (B

(p)
l )-

condition: n−l
(
∑n

ν=1 ν
pl−1ϕp

ν

)1/p
= O(ϕn), n ∈ N, which is equivalent to the Stechkin (Sl)-condition, then

En−1(f
(r))p ≍

( ∞
∑

ν=n+1

νpr−1ωp
l

(

f ;
π

ν

)

p

)1/p

≍ ωk

(

f(r);
π

n

)

p
, n ∈ N.
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7. Aljančić S. On the integral module of continuity in Lp (1 < p < ∞) of Fourier series with monotone
coefficients. Proc. Amer. Math. Soc., 1966, vol. 17, no. 2, pp. 287–294. doi: 10.2307/2035151 .

8. Timan M.F. Inverse theorems of the constructive theory of functions in spaces Lp (1 ≤ p ≤ ∞). Math.
Sb., 1958, vol. 46(88), no. 1, pp. 125–132 (in Russian).

9. Timan M.F. On the Jackson theorem in Lp spaces. Ukr. Mat. Zhurn., 1966, vol. 18, no. 1, pp. 134–137
(in Russian).

10. Besov O.V. On some conditions for derivatives of periodic functions to belong to Lp. Nauch. Dokl. Vyssh.
Shkoly. Fiz.-Mat. Nauki, 1959, no. 1, pp. 13–17 (in Russian).

11. Il’yasov N.A. On the equivalence of some inequalities in the theory of approximation of periodic functions
in the spaces Lp(T), 1 < p < ∞. Trudy Inst. Mat. i Mekh. UrO RAN, 2018, vol. 24, no. 2, pp. 93–106
(in Russian). doi: 10.21538/0134-4889-2018-24-2-93-106 .

12. Bari N.K., Stechkin S.B. Best approximations and differential properties of two conjugate functions.
Trudy Mosk. Mat. Obsh., 1956, vol. 5, pp. 483–522 (in Russian).

13. Il’yasov N.A. The direct theorem of the theory of approximation of periodic functions with monotone
Fourier coefficients in different metrics. Proc. Steklov Inst. Math., 2018, vol. 303, suppl. 1, pp. 100–114.
doi: 10.1134/S0081543818090110 .

14. Bari N.K. A treatise on trigonometric series. Oxford; NY: Pergamon Press, 1964. Original Russian text
published in Bari N.K. Trigonometricheskie rjady, Moscow: Fizmatgiz Publ., 1961, 936 p.

15. Zygmund A. Trigonometric series. Vols. I & II. Cambridge: Cambridge Univ. Press, 2003, 616 p. ISBN:
0-521-89053-5 . Translated to Russian under the title Trigonometricheskie rjady, Moscow: Mir Publ.,
1965, vol. I, 616 p.; vol. II, 538 p.

16. Riesz M. Sur les fonctions conjuguées. Math. Z., 1927, vol. 27, no. 2, pp. 218–244.
doi: 10.1007/BF01171098 .

17. Konyushkov A.A. Best approximations by trigonometric polynomials and Fourier coefficients. Mat. Sb.
(N.S.), 1958, vol. 44(86), no. 1, pp. 53–84 (in Russian).

18. Konyushkov A.A. On the best approximations when transforming the Fourier coefficients by the method
of arithmetic means and on Fourier series with non-negative coefficients. Sib. Mat. Zhurn., 1962, vol. 3,
no. 1, pp. 56–78 (in Russian).

19. Quade E.S. Trigonometric approximation in the mean. Duke Math. J., 1937, vol. 3, no. 3, pp. 529–543.

20. Zhuk V.V. Approksimatsiya periodicheskikh funktsii [Approximation of periodic functions]. Leningrad:
Leningrad Univ. Publ., 1982, 368 p.

21. Il’yasov N.A. Embedding theorems for some classes of periodic functions in Lp, 1 ≤ p ≤ ∞. Dokl. AN
SSSR, 1984, vol. 276, no. 6, pp. 1301–1304 (in Russian).

22. Il’yasov N.A. Teoremy vlozheniya dlya strukturnykh i konstruktivnykh kharakteristik funktsiy [Embedding
theorems for structural and constructive characteristics of functions]. Dissertation, Cand. Sci.
(Phys.–Math.), Baku, 1987, 150 p.

23. Il’yasov N.A. On inequalities between best approximations and moduli of smoothness of different orders
of periodic functions in Lp, 1 ≤ p ≤ ∞. Singulyarnyye integral’nyye operatory: tematicheskiy sb.
nauchnykh trudov [Singular integral operators: thematic coll. scientific works], Baku: Baku State Univer.
Publ., 1991, pp. 40–52 (in Russian).



N.A. Il’yasov 3

Received September 8, 2022
Revised October 17, 2022

Accepted October 24, 2022

Funding Agency: This research was supported by the Ministry of Science and Higher Education
of the Russian Federation within a program of the Moscow Center for Fundamental and Applied
Mathematics (agreement no. 075-15-2022-284).

Niyazi Aladdin ogly Il’yasov, Cand. Sci. (Phys.-Math.), Senior Research Fellow, Department of
Theory of Functions, Institute of Mathematics and Mechanics of the National Academy of Sciences of
Azerbaijan, Baku, Azerbaijan; Moscow Center for Fundamental and Applied Mathematics, Moscow,
Russia. e-mail: niyazi.ilyasov@gmail.com .

Cite this article as: N.A. Il’yasov. Order equalities in the spaces Lp(T), 1 < p < ∞, for best
approximations and moduli of smoothness of derivatives of periodic functions with monotone Fourier
coefficients. Trudy Instituta Matematiki i Mekhaniki UrO RAN, 2022, vol. 28, no. 4, pp. 103–120 .


