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TOMOGRAPHIC CHARACTERIZATIONS

OF SUNS IN THREE-DIMENSIONAL SPACES

A. R.Alimov

Recently A.R. Alimov and B.B. Bednov characterized the three-dimensional spaces in which any Chebyshev
set is monotone path-connected. In particular, they showed that any Chebyshev set in a three-dimensional space
with cylindrical norm is monotone path-connected. The author of the present paper obtained a similar result for
closed sets with continuous (lower semicontinuous) metric projection. R. Aumann established that if the section
of a compact subset M of a finite-dimensional space by any hyperplane is acyclic, then M is convex. A sun is
considered as a possible generalization of a convex set— it is well known that any point not lying in a sun can
be separated from it by an open support cone. In the present paper, we consider the problem of tomographic
classification of suns in terms of approximative and geometric properties of their sections by tangent planes. We
consider the case of three-dimensional spaces with cylindrical norm. In these spaces, we introduce the notion of
a tangent plane, which generalizes the notion of a tangent direction to a sphere introduced by A.R. Alimov and
E.V. Shchepin. The results obtained in the paper partially generalize and extend the mentioned studies. We
give necessary and sufficient conditions for the monotone path-connectedness of approximatively defined sets
in three-dimensional cylindrical spaces in terms of approximative and geometric properties of their sections by
tangent planes.

Keywords: best approximation, Chebyshev set, sun, monotone path-connected set.

REFERENCES

1. Alimov A.R., Tsar’kov I.G. Connectedness and solarity in problems of best and near-best approximation.
Russ. Math. Surv., 2016, vol. 71, no. 1, pp. 1–77. doi: 10.1070/RM9698 .

2. Alimov A.R. Convexity and monotone linear connectivity of sets with a continuous metric projection
in three-dimensional spaces. Trudy Inst. Mat. i Mekh. UrO RAN, 2020, vol. 26, no. 2, pp. 28–46 (in
Russian). doi: 10.21538/0134-4889-2020-26-2-28-46 .

3. Alimov A.R. Geometric structure of Chebyshev sets and suns in three-dimensional spaces with a
cylindrical norm. Moscow Univ. Math. Bull., 2020, vol. 75, no. 5, pp. 209–215.
doi: 10.3103/S0027132220050022 .

4. Alimov A.R. Characterization of sets with continuous metric projection in the space ℓ∞
n

. Math. Notes,
2020, vol. 108, no. 3, pp. 309–317. doi: 10.1134/S0001434620090011 .

5. Alimov A.R. Monotone path-connectedness of strict suns. Lobachevskii J. Math., 2022, vol. 43, no. 3,
pp. 1267–1276. doi: 10.1134/S1995080222060038 .

6. Alimov A.R., Bednov B.B. Monotone path-connectedness of Chebyshev sets in three-dimensional spaces.
Sb. Math., 2021, vol. 212, no. 5, pp. 636–654. doi: 10.1070/SM9325 .

7. Alimov A.R., Shchepin E.V. Convexity of suns in tangent directions. J. Convex Analysis, 2019, vol. 26,
no. 4, pp. 1071–1076.

8. Alimov A., Tsar’kov I. Smoothness of subspace sections of the unit balls of C(Q) and L1. J. Approx.

Theory, 2021, vol. 265, art. no. 105552. doi: 10.1016/j.jat.2021.105552 .

9. Aumann G. On a topological characterization of compact convex point sets. Ann. Math., 1936, vol. 37,
no. 2, pp. 443–447. doi: 10.2307/1968456 .

10. Bednov B.B. Finite-dimensional spaces where the class of Chebyshev sets coincides with the class
of closed and monotone path-connected sets. Math. Notes, 2022, vol. 111, no. 3-4, pp. 505–514. doi:
10.1134/S000143462203018X .

11. Bendit T. Chebyshev subsets of a Hilbert space sphere. J. Austral. Math. Soc., 2019, vol. 107, no. 3,
pp. 289–301. doi: 10.1017/S1446788719000508 .



2 A.R.Alimov

12. Bingham N.H. The life, work, and legacy of P. L. Chebyshev. Theory Probab. Appl., 2022, vol. 66, no. 4,
pp. 506–521. doi: 10.1137/S0040585X97T990587 .

13. Boltyanski V., Martini H., Soltan P.S. Excursions into combinatorial geometry. Berlin; Heidelberg:
Springer, 1997, 427 p. doi: 10.1007/978-3-642-59237-9 .

14. Brosowski B., Deutsch F. On some geometric properties of suns. J. Approx. Theory, 1974, vol. 10, no. 3,
pp. 245–267. doi: 10.1016/0021-9045(74)90122-1 .

15. Brown A.L. Suns in normed linear spaces which are finite dimensional. Math. Ann., 1987, vol. 279, no. 1,
pp. 87–101. doi: 10.1007/BF01456192 .

16. Lebedev P.D., Uspenskii A.A. On the analytical construction of solutions for one class of time-optimal
control problems with nonconvex target set. Trudy Inst. Mat. i Mekh. UrO RAN, 2021, vol. 27, no. 3,
pp. 128–140 (in Russian). doi: 10.21538/0134-4889-2021-27-3-128-140 .

17. Montejano L., Shchepin E. Topological tomography in convexity. Bull. London Math. Soc., 2002, vol. 34,
no. 3, pp. 353–358. doi: 10.1112/S0024609301008700 .

18. Nath T. Differentiability of distance function and the proximinal condition implying convexity.
J. Analysis, 2021, vol. 29, no. 1, pp. 247–261. doi: 10.1007/s41478-020-00259-5 .

19. Tsar’kov I.G. Weakly monotone sets and continuous selection in asymmetric spaces. Sb. Math., 2019,
vol. 210, no. 9, pp. 1326–1347. doi: 10.1070/SM9107 .

20. Tsar’kov I.G. The geometry of a singular set of hypersurfaces and the eikonal equation. Math. Notes,
2020, vol. 108, no. 3, pp. 426–433. doi: 10.1134/S0001434620090114 .

21. Tsar’kov I.G. Properties of monotone path-connected sets. Izv. Math., 2021, vol. 85, no. 2, pp. 306–331.
doi: 10.1070/IM8995 .

22. Tsar’kov I.G. Properties of monotone connected sets. Math. Notes, 2021, vol. 109, no. 5, pp. 819–827.
doi: 10.1134/S0001434621050138 .

23. Tsar’kov I.G. Properties of suns in the spaces L1 and C(Q). Russ. J. Math. Phys., 2021, vol. 28, no. 3,
pp. 398–405. doi: 10.1134/S1061920821030122 .

24. Tsar’kov I.G. Solarity and connectedness of sets in the space C[a, b] and in finite-dimensional polyhedral
spaces. Sb. Math., 2022, vol. 213, no. 2, pp. 268–282. doi: 10.1070/SM9554 .

25. Shiryaev A.N. On the bicentenary of the birth of P. L. Chebyshev, a great Russian mathematician.
Theory Probab. Appl., 2022, vol. 66, no. 4, pp. 497–505. doi: 10.1137/S0040585X97T990575 .

Received April 25, 2022
Revised May 18, 2022

Accepted May 20, 2022

Funding Agency: This work was supported by the Russian Science Foundation (project 22-11-
00129).

Alexey R. Alimov, Dr. Phys.-Math. Sci., Steklov Mathematical Institute of Russian Academy of
Sciences, Moscow, 119991 Russia; Lomonosov Moscow State University, Faculty of Mechanics and
Mathematics, Moscow, 119899 Russia, Moscow Center of Fundamental and Applied Mathematics,
e-mail: alexey.alimov-msu@yandex.ru .

Cite this article as: A.R.Alimov. Tomographic characterizations of suns in three-dimensional spaces.
Trudy Instituta Matematiki i Mekhaniki UrO RAN, 2022, vol. 28, no. 2, pp. 45–55.


