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ON THE ROBUSTNESS PROPERTY OF A CONTROL SYSTEM DESCRIBED
BY AN URYSOHN TYPE INTEGRAL EQUATION

N. Huseyin, A. Huseyin, Kh. G. Guseinov

In this paper a control system described by an Urysohn type integral equation with an integral constraint on
the control functions is studied. It is assumed that the system is nonlinear with respect to the state vector and
is affine with respect to the control vector. The control functions are chosen from a closed ball of the space L,
(p > 1) with radius r. It is proved that the set of trajectories of the control system generated by all admissible
control functions is Lipschitz continuous with respect to r and is continuous with respect to p as a set valued
map. It is shown that the system’s trajectory is robust with respect to the full consumption of the remaining
control resource and every trajectory can be approximated by a trajectory generated by the control function
with full control resource consumption.
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H. T'yceiinn, A.T'yceiinn, X. I'. I'yceiinoB. O cBoiicTBe pobacTHOCTH yIPaBJISIEMOM CUCTEMbI, OIIU-
ChIBAE€MOU MHTErpaJIbHbIM ypPaBHEHUEM TuUna Y PLICOHA.

B mannoit pabore uccienyercs ynpasiisieMasi CUCTEMa, OIUCbIBaeMasi HHTEerPAJIbHBIM YPaBHEHUEM THUIIa, Y PhI-
COHa C MHTErPaJIbHBIM OIPaHUYEHNEM Ha yrpasisomue dyskuun. [Ipeanonaraercs, 9ro cucreMa HeJnHENHHA 110
dazoBoMy BeKTOpy U addUHHA O YIPABISIONIEMY BEKTODY. YIpaBJIeHUs BBIOUPAIOTCS U3 3aMKHYTOIO IIapa
npocrpancTBa Ly (p > 1) paguyca r ¢ HeHTpPOM B Hadase KoopAuHAT. JIOKa3aHO, 9TO MHOXKECTBO TPACKTOPUIA
YIIPaBJISIEMON CHCTEMBI, OTBEYAIONINX BCEM JOIYCTUMBIM YIIPABJIEHUSIM, JIMIIINAIEBO IO 7" ¥ HEIPEPLIBHO IO P
KaK MHOTO3Ha4YHOEe oToOparkenwe. [lokazaHo, 4TO TPAGKTOPHUS CHCTEMbl POOACTHA OTHOCUTEILHO IIOJHOTO HC-
[OJIb30BAHMUSI OCTABIIETOCs Pecypca YIPaBJIEHUs] U JIIOOYI0 TPAEGKTOPHIO CHCTEMBI MOXKHO AIIIPOKCHUMHPOBATH
TPAEKTOPHEli, COOTBETCTBYIONIEH yIPABICHUAIO C TIOJHBIM UCIOJb30BAHUEM DPECypPCa.

Koouesble citoBa: nHTErpaibHOE ypaBHEHNE, YIIPaBIIsieMasl CHCTEMA, HHTErPAJIbHOE OrPAHIYEHNEe, MHOXKECTBO
TpaeKTopuii, pobACTHOCTb.
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Introduction

Integral equations are an adequate tool to describe different processes arising in physics, economy,
biology, medicine, etc. (see, e.g., [4;5;12] and references therein). It is known that some of solution
concepts for initial and boundary value problems for differential equations can be reduced to solution
notions of appropriate integral equations (see, e.g., [5;13]). It occurs that some processes described
via integral equations have external influences called control efforts. Integral constraints on the
control functions are inevitable if the control resource, such as energy, fuel, finance, etc., is exhausted
by consumption (see, e.g., [3;7;14-16]). The various topological properties and approximate con-
struction methods of the set of trajectories of control systems described by integral equations with
an integral constraint on the control functions are investigated in [2;8-11]. In this paper, the set
of trajectories of a control system described by an Urysohn type integral equation is considered.
Admissible control functions are chosen from a closed ball of the space L,, p > 1, centered at the
origin with radius r. The dependence of the set of trajectories on the parameters r and p is studied
and the robustness of a trajectory with respect to a fast consumption of the remaining control
resource is discussed.

The paper is organized as follows. In Section 2 the basic conditions and auxiliary proposi-
tions which are used in the following arguments are given. In Section 3 it is proved that the set
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of trajectories is a Lipschitz continuous set valued map with respect to the parameter r, which
characterizes a bound on the control resource (Theorem 1). In Section 4 it is shown that the set of
trajectories depends continuously on p (Theorem 2). In Section 5 it is proved that the consumption
of the remaining control resource on a domain with sufficiently small measure does not cause an
essential change in the trajectory of the system (Theorem 3). It is shown that the set of trajectories
generated by a full consumption of the control resource is dense in the set of trajectories generated
by all admissible control functions (Theorem 4).

1. Description of the System

Consider a control system described by the Urysohn type integral equation

b

o(t) = F(t,2(0) 4 [ 1K (5.2 (9) + Ka (85,2 (9) u(s)] ds, (1.1)
where x(s) € R" is the state vector, u(s) € R™ is the control vector, ¢ € [a,b], and A > 0 is a given
number.

For p > 1 and r > 0, define V,, = {u(-) € Ly([a,b],R™): [u()l, < r}, where Ly ([a,b],R™) is
the space of Lebesgue measurable functions u(-): [a,b] — R™ such that [[u(-)|,, < +oo, [[u(-)], =
b 1/p
< / llu(t)]]? dt> , and ||-|| denotes the Euclidean norm. It is assumed that the functions and the

number A given in equation (1.1) satisfy the following conditions.
2.A. The vector functions f(-,-): [a,b] x R — R™ and Ki(-,,-): [a,b] X [a,b] x R" — R™ and
the matrix function Ks(-,-,-): [a,b] X [a,b] x R™ — R™ ™ are continuous.
2.B. There exist v € [0,1), 71 > 0, and 72 > 0 such that
1t 21) = f(t,22)]] <70z — 22
for every (t,z1) € [a,b] X R™, (t,x2) € [a,b] x R™ and
HKl(t7 Su‘rl) - Kl(t7 S,IEQ)H S 71 ”1'1 - ‘TQH )
[ K2 (t, s, 21) — Ka(t, s, z2)|| < 72 [lzr — 22|

for every (t,s,x1) € [a,b] X [a,b] x R™, (t,s,22) € [a,b] X [a,b] x R™.
2.C. There exist p, > 1 and r, > 0 such that 0 < A(v1 (b — a) +72r«(b— a)(p*_l)/p*) <1—".
Define

L(Xip,7) = %0 + Alyi (b= a) +32r (b — )P~ V/P]. (1.2)

Condition 2.C implies that L(A;ps,r.) < 1. From (1.2) it follows that there exist 71 > 0 and
79 > 0 such that p, — 71 > 1 and L(\;p,7) < 1 for every p € [px — 71, p« + 71] and r € [0, 7, + T2].
From now on it will be assumed that p € [p. — 71, p« + 71] and r € [0, 7 + 72]. Define

hy :max{(b—a)(”_l)/”:pe [p« — 1,0« + 1]}, (1.3)

Li(A) =90+ Ay (b—a) +v2(re + 12)ha]. (1.4)

It is obvious that 0 < L,(\) < 1.
Now, let us define a trajectory of system (1.1) generated by an admissible control function
u(-) € Vpr. A continuous function z(-): [a,b] — R” satisfying the integral equation (1.1) for every



Robustness Property of Control System 265

t € [a,b] is said to be a trajectory of system (1.1) generated by the admissible control function
u(-) € Vpr. By virtue of [8], every admissible control function u(-) generates a unique trajectory of
system (1.1). The set of trajectories of system (1.1) generated by all admissible control functions
u(-) € Vj, is denoted by Z,, . The set Z, , is called the set of trajectories of system (1.1). It is obvious
that Z,, C C([a,b];R™), where C ([a,b]; R™) is the space of continuous functions z(-): [a,b] — R"
with the norm ||z(:)||» = max {||z(¢)|| : t € [a,b]}. For t € [a, b] we set

Zpr(t) = {2(t) €R™ : 2(-) € Zp,} . (1.5)

According to (8], Z,, and Z,, .(t), t € [a, b], are nonempty compact sets and the set valued map
t — Zp,(t), t € [a,b], is continuous in the Hausdorff metric. Moreover, it is possible to show that
there exists ¢, > 0 such that

lz()lle < e (1.6)
for every x(-) € Zpr, p € [px — T1, P« + 71], and 7 € [0, 7, + 72]. Define
My = max {||Ka(t, s, z)|| : t € [a,b], s € [a,b], ||z] <el}, (1.7)

where ¢, is given by (1.6).

2. Continuity with Respect to r

In this section the Lipschitz continuity of the set valued map r — Z,,, r € [0,r, + 7], is
proved. The Hausdorff distance between sets P C R"™ and @ C R" is denoted by H, (P, Q), and the
Hausdorff distance between sets Y C C ([a,b];R™) and E C C ([a,b]; R™) is denoted by Ho(Y, E)
(see, e.g., [1]). We set

Be(1) = {z() € O ([a, b R™) = |lz()lle <1}, (2.1)
AMah,
R, = T2(>\) (2.2)

where hy, L.(\), and My are defined by (1.3), (1.4), and (1.7) respectively.
Theorem 1. For each fized p € [px — 11, p« + 1] the inequality
Hc(Zyry,Zypy,) < Ry|rg — 1] (2.3)
is satisfied for every ro € (0,7« + 2] and 11 € [0, 74 + T2].

Proof. Let 7o # 0. Choose an arbitrary z.(-) € Z,,, generated by an admissible control
function u.(-) € Vp . Define
1
Ve(t) = —ux(t), t € [a,b]. (2.4)
T2
If 79 = 0, then V), ,, includes a unique control function u(t) = 0 for almost all ¢ € [a,b]. In this
case vy (+) is chosen as an arbitrarily function from V}, ;... It is obvious that v.(-) € V}, ;. From (1.3),
(2.4), the inclusion uy(-) € Vj r,, and Holder’s inequality, we get

b
[ ) = )l < T2 00 (), < s = . 25)
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Let y.(-): [a,b] — R™ be the trajectory of system (1.1) generated by the admissible control
function v (). Then y.(-) € Zp,, and from (1.1), (1.4), (1.6), (1.7), (2.5), and Condition 2.B we
get

b

[z:(t) =y < llze(t) =y + /\/ (71 + 72 [[uc ()] 124 (5) — y«(s)| ds
+ )\Mgh* ’7’2 — 7’1’ ’
< o+ A —a) +72(b — )PV Pro)] [|2a() = ()l o + AMaha |ra =11
< L) llz«() = 9l ¢ + AMahu [r2 — 71

for every t € [a, b]. From this inequality and (2.2), we obtain
() =y ()ll o € Ra[ra — . (2.6)

Thus, we have proved that for arbitrarily chosen z.(-) € Zy,,, there exists y.(-) € Z,,, such that
inequality (2.6) is satisfied. This means that

Zyyy CZpy + Ri|ra — 11| Bo(1), (2.7)

where B (1) is defined by (2.1). Similarly, it is possible to show that
Zpy CZpr,+ Ry|rg — 11| Be(l). (2.8)
Inclusions (2.7) and (2.8) imply the validity of inequality (2.3). O

From Theorem 1 we conclude that for each fixed p € [px — 71,p« + 71 the set valued map
r — Zpr, r € [0,7, + 73], is Lipschitz continuous in the Hausdorff metric, which implies the validity
of the following corollary.

Corollary 1. For each fized p € [px — T1, p« + T1] the inequality
Hy (Zp,ry(t), Zp,r, (t)) < R |ra — 11

is satisfied for every ro € [0,r«+ 2], r1 € (0,7 + 72|, and t € [a,b], where Zy (t) is defined by (1.5).
3. Continuity with Respect to p

In this section we establish the continuity of the set valued map p — Zy, ., p € (px — 71, ps +71).
The Hausdorff distance between the sets U C L, ([a,b],R™) and W C L, ([a,b] ,R™) is
denoted by H1 (U, W) and is defined as

Hi (U, W) =max { sup di (@(),0), sup di(y(), W) },
z(-)ew y()eU

b
where d; (z (+),U) = inf{/ |lz(s) —y(s)ds:y(:) € U} , p1 € [1,00), p2 € [1,00).
Theorem 2. For each fized r € (0,7 + T2] the set valued map p — Zyp, p € (px — 71, P« + T1),

is continuous in the Hausdorff metric.

Proof. Let us choose an arbitrary py € (px — 71,p« + 71) and let € > 0 be a given number.
According to Theorem 3.6 from [6], for given € > 0 there exists d1(e,pp) € (0,0,) such that the
inequality

Hy (Vi Vi) < € (3.1)
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holds for all p € (pg — d1(g,p0),po + 91(€, o)), where §, = min {ps + 71 — po, Po + 71 — P« }. We will
show that for every p € (po — d1(,p0), po + d1(¢,p0)) the inequality

AM,
Ho (Zoy s Zy ) < —2 2
is verified, where L,(\) and My are defined by (1.4) and (1.7), respectively.

Choose arbitrary p € (po — 01(€,p0),po + 01(€,p0)). Now let us choose arbitrary y(-) € Zy,,
generated by the admissible control function v(-) € V},,. According to (3.1), for v(-) € V,, there
exists w(-) € Vp,,» such that

b
/||v(s) — w(s)| ds < . (3.3)

Let z(-) be the trajectory generated by the admissible control function w(-) € V), . Then
2(+) € Zp, ,» and from (1.1), (3.3), and Conditions 2.B and 2.C it follows that

b b
A AM>
ly) — 2@ < T~ / (71 + 2 l[v(s)] [ly(s) — 2(s)[l ds + 1= / [v(s) —w(s)| ds

a

b

A AM;

— + v(s s) — z(s)|| ds + €

o [ b e [ yGe) ~ () ds + 2

A AM.
<« 2 _ _ \=1/p D — (- 2
< 1o (M=) +er =) y() 2Ol + e

L*()\)—’Y(] /\M2
< ———ly() = 2()|lo + €

0 =20l + T

for every t € [a, b]; hence,
AM.
lv() ==0Olle < 7= o5 (3.4)

Thus we conclude that for an arbitrarily chosen y(-) € Z,, there exists z(-) € Z,,, such that
inequality (3.4) is satisfied. This means that

AM>

Zy, Clyp,y + —F~eBe(l), .
where Bg(1) is defined by (2.1).
Analogously, it is possible to show that
AM,
Zyyr CZy, + —————eBc(1). 3.6
Po, - p, + 1—L*()\)E C( ) ( )
From (3.5) and (3.6) we obtain the validity of (3.2), which proves the theorem. O

Corollary 2. For each fized r € [0,7.+72], the set valued map p — Zy, ,(t), p € (P« —T1,P+T1),
is continuous in the Hausdorff metric uniformly int € [a,b]. Here the set Z, ,(t) is defined by (1.5).
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4. Robustness with Respect to Resource Consumption

In this section we will establish that every trajectory of the system is robust with respect to the
fast consumption of the remaining control resource; i.e. the consumption of the remaining control
resource on a domain with sufficiently small measure causes a small change of the system’s trajectory.

Theorem 3. Suppose that ¢ > 0 is a given number, p € (px — T1,px + 71), (-) € Zp, is a
trajectory of system (1.1) generated by an admissible control function u(-) € Vpr, [[u(-)|l, = re <,
E, C [a,b] is a Lebesgue measurable set, a control function

u(t) if t€la,b]\ Ex,
w(t) = { u(t) if teE, (4.1)

is such that ||w(-)||, = 7, and z(-) € Zy, is the trajectory of the system (1.1) generated by the
admissible control function w(-) € V. If

W(E) < {12—);;4(:\) E}p/(p—1)7 (42)
then
() = 2()llc <e, (4.3)

where u(Ey) denotes the Lebesgue measure of the set E, and Li(\) and My are defined by formulas
(1.4) and (1.7), respectively.

Proof. According to Conditions 2.B and 2.C, inclusions u(-) € V,, and w(-) € V,,, Holder’s
inequality, and (4.1), we have

b

A
lz(t) = 2()[| < 1_—%/[71 + 2 [[u(s)[[]z(s) — 2(s) s)|| ds
A / 2\r M.
rivig _
g / [+ 92 flu(s) 1 ds - () = 20l + T (B *~V7
1—1 L=
L*(/\) — 7 2)\7’M2 (p—1)/
< ————lz(-) = z()|lo + E)]'P—H/P
1200 o) = sl + T2 [u(E)
for every t € [a,b]. Therefore, it follows from (4.2) that
2Ar My (-1)/p
_ <e.
o) = =)o < Ty W7 < e
The validity of inequality (4.3) is proved. O

As follows from Theorem 3, the consumption of the control resource in big quants on domains
with sufficiently small measures is not an effective way to change the system’s trajectory. We also
find from Theorem 3 that if we have an excess of the control resource and we want to get rid of it,
then, by consuming all the remaining control resource on a domain with sufficiently small measure,
we can achieve a minor variation of the system’s trajectory. Define

= {u(") € Ly([a, 0, R™) : [Ju()ll, =7},

and let Zy . be the set of trajectories of system (1.1) generated by all control functions u(-) € V,,.
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Theorem 4. The equality
cl (Z;T) =2y,
1s satisfied, where cl denotes the closure of a set.
Proof. Since Z,, C C([a,b];R") is a compact set (see [8]) and Z; . C Zj,,, we have
cl (Z;,) C Zy, (4.4)

Let us choose an arbitrarily number n > 0, and let z(-) € Z,, be a trajectory of system (1.1)
generated by a control function u(-) € V,, such that |u(-)[|, = # < r. Choose an arbitrary Lebesgue
measurable set Q, C [a,b] such that

w2 < [%M(j) e, (45)
where L,(\) and My are defined by (1.4) and (1.7), respectively.
Define a new control function, setting
u(t) if tela,b]\ Qs,
O\ [y ] e i ree (4.6

where of = / llu(s)||” ds, & € R™, and ||| = 1. Using (4.6), it is not difficult to verify
a, ] *

that [lv(-)[l, = 7, and hence v(-) € V;7,. Let y(-) be a trajectory of system (1.1) generated by the
control function v(-) € V;,. Then y(-) € Z; ., and, by inequality (4.5) and Theorem 3, we have
12(:) = y()llc <. Since z(-) € Zy,, is chosen arbitrarily, we obtain Z,, C Z; . +nBc(1).

Since 1 > 0 is chosen arbitrarily, the latter inclusion yields
Zyr Ccl(Zy,). (4.7)

Inclusions (4.4) and (4.7) complete the proof. O

Theorem 4 means that every trajectory of the system can be approximated by a trajectory
obtained by a full consumption of the control resource.
Theorem 4 implies the validity of the following corollary.

Corollary 3. The equality

cl (Zy,.(t) = Zp(t)
holds for every t € [a,b], where Zy,(t) is defined by (1.5) and Z; .(t) = {z(t) e R": x(-) € Z; .}

Remark. Note that the results obtained in the paper are also valid for control systems described
by similar types of ordinary differential equations and for systems described by Volterra type integral
equations. The obtained results can be used in the modeling of control processes arising in physics,
mechanics, biology, and economics, where control systems have a limited control resource such as
energy, fuel, finance, food, etc. The continuity of the set of trajectories with respect to r and p implies
that small errors in specifying r and p in the mathematical models will cause a small deviation of the
set of trajectories. The robustness of the system’s trajectory with respect to the remaining control
resource means that an efficient way to achieve a desirable result is to consume the control resource
in economy mode (in small quants) and to avoid an aggressive consumption of the available control
resource.
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