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CONTINUATION OF THE THEORY OF EF-GROUPS1

I. L. Sokhor

We describe the structure of finite groups with F-subnormal or self-normalizing primary cyclic subgroups when

F is a subgroup-closed saturated superradical formation containing all nilpotent groups. We prove that groups

with absolutely F-subnormal or self-normalizing primary cyclic subgroups are soluble when F is a subgroup-

closed saturated formation containing all nilpotent groups.
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И. Л. Сохор. Развитие теории конечных EF-групп.

Описана структура конечных групп с F-субнормальными или самонормализуемыми примарными цик-

лическими подгруппами в случае, когда F — наследственная насыщенная сверхрадикальная формация,

содержащая все нильпотентные группы. Доказано, что группы с абсолютно F-субнормальными или са-

монормализуемыми примарными циклическими подгруппамии разрешимы, если F — наследственная на-

сыщенная формация, содержащая все нильпотентные группы.
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1. Introduction

All groups in this paper are finite. We use the standard notation and terminology of [1].
Let F be a formation and let G be a group.
A subgroup H of G is F-subnormal in G if G = H or there is a chain of subgroups

H = H0 ⋖ H1 ⋖ . . .⋖Hn = G

such that Hi/(Hi−1)Hi
∈ F for all i (or, equivalently, HF

i ≤ Hi−1). Here we write A ⋖ B if A is a
maximal subgroup of a group B and denote by AB =

⋂
b∈B Ab the core of A in B.

A subgroup H of G is F-abnormal in G if L/KL 6∈ F for all K and L such that H ≤ K⋖L ≤ G.
A group G is said to be an EF-group if G /∈ F and its every non-trivial subgroup is F-subnormal

or F-abnormal in G. The structure of EF-groups for various formations F has been studied by many
authors, see the review paper by A.N. Skiba [2].

It is evident that in a group any proper subgroup cannot be F-subnormal and F-abnormal at
the same time; i. e. these properties are alternative. If F is a subgroup-closed formation containing
all nilpotent subgroups, then every F-abnormal subgroup is self-normalizing; i. e. it coincides with
its normalizer. But the properties of being self-normalizing and F-subnormal are not alternative.
For example, every non-normal subgroup of prime index in a soluble group is self-normalizing and
U-subnormal. Here U is the formation of all supersoluble groups.

Groups with F-subnormal or self-normalizing subgroups were studied in [3; 4]. In particular,
V. S.Monakhov [3] showed that the class of groups with U-subnormal or self-normalizing primary
subgroups is much wider than the class of EU-groups.

1This paper is based on the results of the 2020 Ural Workshop on Group Theory and Combinatorics.
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In this paper, we continue the research on this topic. We describe the structure of groups with
F-subnormal or self-normalizing primary cyclic subgroups when F is a subgroup-closed saturated
superradical formation containing all nilpotent groups. In addition, we prove that groups with
absolutely F-subnormal or self-normalizing primary cyclic subgroups are soluble when F is a subgroup-
closed saturated formation containing all nilpotent groups.

2. Preliminaries

Let G be a group. We denote the set of all prime devisors of |G| by π(G), A ⋊ B denotes the
semidirect product of a normal subgroup A and a subgroup B.

The formations of all abelian and nilpotent groups are denoted by A and N, respectively.
A normal subgroup-closed formation F is called superradical if any group G = AB belongs to F

whenever A and B are F-subnormal F-subgroups of G. It is known that formations with Shemetkov
property and lattice formations are superradical.

Let F be a formation and let G be a group. The intersection of all normal subgroups of G with
quotient in F is called the F-residual and is denoted by GF.

We need the following properties of F-subnormal and F-abnormal subgroups.

Lemma 1. Let F be a formation, let H and K be subgroups of a group G, and let N be a normal

subgroup of G. The following statements hold.

(1) If K is F-subnormal in H and H is F-subnormal in G, then K is F-subnormal in G
[5, 6.1.6 (1)].

(2) If F is a subgroup-closed formation and GF ≤ H, then H is F-subnormal in G [5, 6.1.7 (1)].
(3) If F is a subgroup-closed formation, K ≤ H, H is F-subnormal in G and H ∈ F, then K is

F-subnormal in G.

Proof. (3) Since F is a subgroup-closed formation and K ≤ H, we have K is F-subnormal
in H. In view of Statement (1), we conclude H is F-subnormal in G. �

Lemma 2 [3, Lemma 1.4]. Let F be a subgroup-closed formation containing groups of order p
for all p ∈ P, and let A be an F-abnormal subgroup of a group G. The following statements hold.

(1) If A ≤ B ≤ G, then B is F-abnormal in G and B = NG(B).
(2) If G is soluble, then A is abnormal in G.

A subgroup H of a group G is abnormal if x ∈ 〈H,Hx〉 for any x ∈ G. An abnormal subgroup
is self-normalizing.

It is easy to check.

Lemma 3. Let G be a group. The following statements hold.

(1) If P is a Sylow subgroup of G, then NG(P ) is abnormal in G.

(2) If A is an abnormal subgroup of G and A ≤ B ≤ G, then B is abnormal in G and

NG(B) = B.

A Carter subgroup is a nilpotent self-normalizing subgroup [1, VI.12]. In soluble groups, Carter
subgroups exist and are conjugate. An insoluble group can have no Carter subgroups, but if they
exist, they are conjugate [6].

A group G is a minimal non-F-group if G /∈ F but every proper subgroup of G belongs to F. A
minimal non-N-group is also called a Schmidt group; its properties are well known [7].

Lemma 4. Let F be a saturated formation. If every maximal subgroup of a group G is F-

subnormal, then G ∈ F.

Proof. If M is a maximal subgroup of G, then G/MG ∈ F. Hence G/
⋂

MG = G/Φ(G) ∈ F

and G ∈ F. �
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3. Groups with F-subnormal or self-normalizing primary subgroups

Lemma 5. Let F be a subgroup-closed saturated superradical formation containing all nilpotent

groups. A soluble group G belongs to F if and only if every primary cyclic subgroup of G is

F-subnormal.

Proof. If G ∈ F, then every proper subgroup (including every primary cyclic subgroup) is
F-subnormal in G.

Now, suppose that there are groups such that they do not belong to F but all their primary
cyclic subgroup are F-subnormal. Let G be a gruop of least order among them. Then every proper
subgroup of G belongs to F. According to [8, Lemma 3], G is a Schmidt group, and G = P ⋊ 〈y〉 [7,
Theorem 1.1]. In view of [7, Theorem 1.5], either GF ≤ Φ(G) or P ≤ GF. If GF ≤ Φ(G), then G ∈ F

as F is a saturated formation, a contradiction. Assume that P ≤ GF. By the choice of G, 〈y〉 is
F-subnormal in G. Therefore, there is a maximal subgroup M in G that contains 〈y〉 and GF, a
contradiction. �

Theorem 1. If F is a subgroup-closed saturated superradical formation containing all nilpotent

groups and G /∈ F is a soluble group, then the following statements are equivalent.

(1) Every primary cyclic subgroup of G is F-subnormal or self-normalizing.

(2) Every non-abnormal subgroup of G is F-subnormal and belongs to F.

(3) G = G′
⋊ 〈x〉, where 〈x〉 is a Sylow p-subgroup for a prime p ∈ π(G) and a Carter subgroup,

G′ = GN, G′
⋊ 〈xp〉 ∈ F.

Proof. (1) ⇒ (3): This is true in view of [4, Corollary 3.3.2], but for completeness, we give a
direct proof.

Assume that every primary cyclic subgroup of a soluble group G /∈ F is F-subnormal or self-
normalizing. By Lemma 5, for some p ∈ π(G) there is a cyclic p-subgroup 〈x〉 that is not F-subnormal
in G. By the choice of G, 〈x〉 is self-normalizing. Hence 〈x〉 is a Sylow subgroup and a Carter
subgroup of G. In view of [1, IV.2.6], there is a normal Hall p′-subgroup Gp′ of G, and G = Gp′⋊〈x〉.
Clearly, GN ≤ G′ ≤ Gp′ . Since G/GN is nilpotent and PGN/GN is a Sylow subgroup of G/GN, we
conclude that PGN is normal in G. In view of the Frattini lemma,

G = NG(P )(PGN) = PGN = Gp′ ⋊ P.

So GN = G′ = Gp′ and G = G′
⋊ 〈x〉.

By [1, VI.12.2], G′
⋊ 〈xp〉 has no self-normalizing primary cyclic subgroups. Hence, it follows

from the choice of G that every primary cyclic subgroup of G′
⋊ 〈xp〉 is F-subnormal in G, and

G′
⋊ 〈xp〉 ∈ F according to Lemma 5.
(3) ⇒ (2): Assume that a soluble group G /∈ F satisfies statement (3). Let H be a non-

abnormal subgroup of G. By the choice of G, we have G′ ∈ F. Since A ⊆ N ⊆ F and F is a
subgroup-closed formation, it follows that G′ is F-subnormal in G by Lemma 1 (2). If H ≤ G′, then
H is F-subnormal in G by Lemma 1 (3). Suppose that H is not contained in G′. If G = G′H, then
H contains a subgroup 〈x〉 such that 〈x〉 is a Sylow p-subgroup for a prime p ∈ π(G) and a Carter
subgroup. Hence 〈x〉 is abnormal in G by Lemma 3 (1), and H is abnormal in G by Lemma 3 (2).
This contradicts the choice of H. Hence G′H is a proper subgroup of G. According to the choice of
G, G′H ∈ F and H is F-subnormal in G by Lemma 1 (3).

(2) ⇒ (1): The implication is obvious because abnormal subgroups are self-normalizing. �

Corollary 1. Let F be a subgroup-closed saturated superradical formation containing all nilpotent

groups. Assume that every primary cyclic subgroup of a soluble group G /∈ F is F-subnormal or self-

normalizing, K is a Carter subgroup of G and A is a proper subgroup of G. The following statements

hold.

(1) If |K| divides |A|, then A is abnormal.

(2) If |K| does not divide |A|, then A is F-subnormal and A ∈ F.
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Note that if F is a subgroup-closed formation containing all nilpotent subgroups, then in view of
Lemma 2 every F-abnormal subgroup is self-normalizing. Hence Theorem 1 bellows us to describe the
structure of an EF-group when F is a subgroup-closed saturated superradical formation containing
all nilpotent groups.

Corollary 2. If F is a subgroup-closed saturated superradical formation containing all nilpotent

groups and G /∈ F is a soluble group, then the following statements are equivalent.

(1) Every primary cyclic subgroup of G is F-subnormal or F-abnormal.

(2) G is an EF-group.

(3) G = G′
⋊ 〈x〉, where 〈x〉 is a Sylow p-subgroup for a prime p ∈ π(G) and a Carter subgroup,

G′ = GF and G′
⋊ 〈xp〉 ∈ F.

Example. Let F be the formation of all groups with nilpotent derived subgroups. We use Epn

to denote an elementary abelian group of order pn for a prime p and a positive integer n and Cm is
a cyclic group of order m for a positive integer m.

Consider a group G [9, SmallGroup ID (864,4670)] G = (S3 × S3 × A4) ⋊ C2. In G, a Sylow
3-subgroup G3 ≃ E33 is F-subnormal and a Sylow 2-subgroup G2 ≃ E24 ⋊ C2 is self-normalizing,
but G2 is not F-subnormal and is not F-abnormal. Every proper subgroup of G2 is F-subnormal in
G. In addition,

GF = F (G) ≃ E32 ×E22 < GN ≃ E32 ×A4 < G′ ≃ (E32 ×A4)⋊ C2.

Thus, G belongs to the class of groups with F-subnormal or self-normalizing primary subgroups,
and G does not belong to the class of groups with F-subnormal or F-abnormal primary subgroups.

4. Groups with absolutely F-subnormal or self-normalizing primary subgroups

A.F.Vasil’ev proposed [10] the following concept.

Let F be a formation. A subgroup H of a group G is called absolutely F-subnormal in G if any
subgroup L containing H is F-subnormal in G.

In view of [10, Corrolary 3.2], the following lemma holds.

Lemma 6. Let F be a subgroup-closed saturated formation containing all nilpotent groups. A

group G belongs to F if and only if every primary cyclic subgroup of G is absolutely F-subnormal

in G.

Theorem 2. Let F be a subgroup-closed saturated formation containing all nilpotent groups.

Every primary cyclic subgroup of a group G /∈ F is absolutely F-subnormal or self-normalizing if

and only if G is a non-nilpotent group all of whose proper subgroups are primary; in particular,

G = G′
⋊ 〈x〉, G′ is an elementary abelian p-group for a prime p ∈ π(G), 〈x〉 is a maximal subgroup

of order q and a Carter subgroup of G for a prime q ∈ π(G) and q 6= p.

Proof. Assume that every primary cyclic subgroup of a group G /∈ F is absolutely F-subnormal
or self-normalizing. Since N ⊆ F, clearly G /∈ N. If every primary cyclic subgroup of G is absolutely
F-subnormal in G, then in view of Lemma 6 G ∈ F, a contradiction. Consequently, for a prime
q ∈ π(G) there is a cyclic q-subgroup Q = 〈x〉 that is not absolutely F-subnormal in G. By the choice
of G, Q is self-normalizing, and so Q is a Sylow subgroup and a Carter subgroup of G. According
to [1, IV.2.6], there is a Hall q′-subgroup Gq′ such that G = Gq′ ⋊Q. Clearly, GF ≤ G′ ≤ G. Since
G/GN is nilpotent and QGN/GN is a Sylow subgroup of G/GN, we conclude that QGN is normal
in G. By the Frattini lemma,

G = NG(Q)(QGN) = QGN = Gq′ ⋊Q.
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Consequently, GN = Gq′ = G′.
Let A be a maximal subgroup of Q. By the choice of G, A is absolutely F-subnormal or self-

normalizing in G. If A is self-normalizing, then A is a Carter subgroup, and A is conjugate to Q [6],
a contradiction. Hence A is absolutely F-subnormal in G, and Q is absolutely F-subnormal in G, a
contradiction. Therefore |Q| = q.

Suppose that Q is not a maximal subgroup of G. Then every maximal subgroup M of G contains
a primary cyclic r-subgroup R, r 6= q. If R is self-normalizing, then R is a Carter subgroup of G
and R is conjugate to Q [6], a contradiction with r 6= q. Therefore R is absolutely F-subnormal in G,
and M is F-subnormal in G. Thus every maximal subgroup of G is F-subnormal, and G ∈ F by
Lemma 4, a contradiction. Hence Q is a maximal subgroup, and G′ is a minimal normal subgroup
of G. Since G is soluble in view of [1, IV.7.4], G′ is an elementary abelian p-group for a prime p,
p 6= q.

Conversely, assume that G = G′
⋊〈x〉, G′ is an elementary abelian p-group for a prime p ∈ π(G),

〈x〉 is a maximal subgroup of order q and a Carter subgroup of G for a prime q ∈ π(G) and q 6= p.
Let A be a primary cyclic subgroup of G. If π(A) = q, then A is a Carter subgroup and A = NG(A).
If π(A) = p, then A ≤ G′ ∈ A. Suppose that H is a proper subgroup of G such that A ≤ H. Hence
H is subnormal in G, and H is F-subnormal in G in view of [3, Lemma 1.11]. So A is absolutely
F-subnormal in G. �
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