TRUDY INSTITUTA MATEMATIKI I MEKHANIKTI UrO RAN
Vol. 25 No. 4 2019

MSC: 42A05, 41A17, 26A33
DOI: 10.21538/0134-4889-2019-25-4-129-135

BERNSTEIN-SZEGO INEQUALITY FOR TRIGONOMETRIC POLYNOMIALS
IN THE SPACE Ly

A. O. Leont’eva

Inequalities of the form ||f,(La) cos 0 + fr(La) sinf||p < Bn(a, 0)pl|fnllp for classical derivatives of order o € N
and Weyl derivatives of real order o > 0 of trigonometric polynomials f,, of order n > 1 and their conjugates for
real 6 and 0 < p < oo are called Bernstein—Szegs inequalities. They are generalizations of the classical Bernstein
inequality (o = 1, 6 = 0, p = 00). Such inequalities have been studied for more than 90 years. The problem of
studying the Bernstein-Szeg6 inequality consists in analyzing the properties of the best (the smallest) constant
B (e, 0)p, its exact value, and extremal polynomials for which this inequality turns into an equality. G. Szegd
(1928), A.Zygmund (1933), and A.I. Kozko (1998) showed that, in the case p > 1 for real a > 1 and any real 0,
the best constant By (a, 6)p is n®. For p = 0, Bernstein—Szeg$ inequalities are of interest at least because the
constant B (a, 0), is the largest for p = 0 over 0 < p < co. In 1981, V. V. Arestov proved that, for » € N and
0 = 0, the Bernstein inequality is true with the constant n” in the spaces Ly, 0 < p < 1; i.e., Bp(r,0)p = n".
In 1994, he proved that, for p = 0 and the derivative of the conjugate polynomial of order » € NU {0}, i.e.,
for § = 7 /2, the exact constant grows exponentially in n; more precisely, By (r,7/2)o = 4n+o(n) In two recent
papers of the author (2018), a similar result was obtained for Weyl derivatives of positive noninteger order
for any real . In the present paper, we prove that the formula By (a,0)o = gn+o(n) hoelds for derivatives of
nonnegative integer orders o and any real 6 # 7wk, k € Z.

Keywords: trigonometric polynomial, conjugate polynomial, Weyl derivative, Bernstein—Szegs inequality,
space L.

REFERENCES

1. Arestov V.V. Integral inequalities for algebraic polynomials on the unit circle. Math. Notes, 1990, vol. 48,
no. 4, pp. 977-984. doi: 10.1007/BF01139596 .

2. Arestov V.V. The Szegd inequality for derivatives of a conjugate trigonometric polynomial in Lg. Math.
Notes, 1994, vol. 56, no. 6, pp. 1216-1227. doi 10.1007/BF02266689 .

3. Arestov V.V. Sharp integral inequalities for trigonometric polynomials. In: Nikolov G., Uluchev R. (eds),
Proc. Internat. Conf. “Constructive theory of functions: in memory of Borislav Bojanov” (Sozopol, 2010).
Sofia: Prof. Marin Drinov Acad. Publ. House, 2012, pp. 30—45. ISBN: 978-954-322-490-6 .

4. Arestov V.V., Glazyrina P.Yu. Sharp integral inequalities for fractional derivatives of trigonometric
polynomials. J. Approz. Theory, 2012, vol. 164, no. 11, pp. 1501-1512. doi: 10.1016/j.jat.2012.08.004 .

5. Leont’eva A.O. Bernstein inequality for the Weyl derivatives of trigonometric polynomials in the
space Lg. Math. Notes, 2018, vol. 104, no. 2, pp. 263-270. doi: 10.1134/50001434618070271 .

6. Marden M. The geometry of the zeros of polynomials in a complex variable. Math. Survey, no. 3. N Y:
Amer. Math. Soc., 1949, 184 p.

7. Polya G., Szegé G. Problems and Theorems in Analysis, 1. Berlin; Heidelberg: Springer-Verlag, 1998,
386 p. ISBN: 3-540-63640-4/pbk . Translated to Russian under the title Zadachi i teoremy iz analiza, 1,
Moscow: Nauka Publ., 1978, 391 p.

8. Samko S.G., Kilbas A.A., Marichev O.I. Fractional integrals and derivatives. Theory and applications.
Yverdon: Gordon and Breach Sci. Publ., 1993, 976 p. ISBN: 9782881248641 . Original Russian text
published in Samko S.G., Kilbas A.A., Marichev O.I. Integraly i proizvodnye drobnogo poryadka i
nekotorye ikh prilozheniya, Minsk: Nauka i Tekhnika Publ., 1987, 638 p.



2 A. Q. JleonTneBa

9. Weyl H. Bemerkungen zum Begriff des Differentialquotienten gebrochener Ordnung. Vierteljahrcsschrift
der Naturforschenden Gesellschaft in Zurich, 1917, vol. 62, no. 1-2, pp. 296-302.

Received August 6, 2019
Revised October 21, 2019
Accepted October 28, 2019

Funding Agency: This work was supported by the Russian Foundation for Basic Research (project
no. 18-01-00336) and by the Russian Academic Excellence Project (agreement no. 02.A03.21.0006
of August 27, 2013, between the Ministry of Education and Science of the Russian Federation and
Ural Federal University).

Anastasia Olegovna Leont’eva, doctoral student, Ural Federal University, Yekaterinburg, 620083
Russia; Krasovskii Institute of Mathematics and Mechanics of the Ural Branch of the Russian
Academy of Sciences, Yekaterinburg, 620108 Russia, e-mail: sinusoida2012@yandex.ru .

Cite this article as: A. O. Leont’eva. Bernstein—Szeg6 inequality for trigonometric polynomials in the
space Lg, Trudy Instituta Matematiki i Mekhaniki URO RAN, 2019, vol. 25, no. 4, pp. 129-135.



