
TRUDY INSTITUTA MATEMATIKI I MEKHANIKI UrO RAN

Vol. 25 No. 1 2019

CONTROLLED VOLTERRA FUNCTIONAL EQUATIONS

AND THE CONTRACTION MAPPING PRINCIPLE

V. I. Sumin

Earlier the author proposed a rather general form of describing controlled initial–boundary value problems

(CIBVPs) by means of Volterra functional equations

z(t) = f (t, A[z](t), v(t)) , t ≡ col{t1, . . . , tn} ∈ Π ⊂ R
n, z ∈ Lm

p (Π) ,

where Π is a given bounded set, f(., ., .) : Π×R
l×R

s → R
m, v(.) ∈ D ⊂ Ls

k
is a control, and A : Lm

p (Π) → Ll
q (Π)

is a linear operator with the Volterra property on some system T of subsets of Π in the sense that for any H ∈ T

the restriction A [z]|H does not depend on the values of z|Π\H ; here p, q, k ∈ [1,+∞]. This definition of the
Volterra property is a multidimensional generalization of Tikhonov’s known definition of a functional operator
of Volterra type. Various CIBVPs for nonlinear evolution equations (parabolic, hyperbolic, integrodifferential,
with delays, and others) are reduced by the inversion of the principal part to such functional equations. This
description of CIBVPs is adequate for many problems of the theory of optimal control of distributed parameter
systems. In particular, based on this description, the author found a scheme for deriving sufficient conditions
for the stability (under a perturbation of the control) of the existence of global solutions to CIBVPs. The
scheme employs the extension of local solutions (i.e., solutions on sets H ∈ T ) of a functional equation
along a finite chain of sets from the family T ordered by inclusion. This process is realized with the use of
a special theorem of the existence of local solutions based on the contraction mapping principle. In the case
p = q = k = ∞, under natural assumptions, the possibility of applying this principle is provided by the fact that
the right-hand side operator Φv[z (.)] (t) ≡ f (t, A[z](t), v(t)) satisfies the operator Lipschitz condition with a
quasinilpotent “Lipschitz operator.” This allows to introduce, using well-known results from functional analysis,
a norm in the space Lm

∞(H) equivalent to the usual norm in which the right-hand side operator is contractive.
In the general case 1 ≤ p, q, k ≤ ∞, which covers a much wider class of CIBVPs, the right-hand side
operator may not satisfy such operator Lipschitz condition. In this case, the introduction of an equivalent
norm of the space Lm

p (H) required for the application of the contraction mapping principle is provided by the
theorem on an equivalent norm proved in the paper. The theorem is based on the notion of superequipotential

quasinilpotency of a family of linear operators acting in a Banach space. A constructive general test is proved
for the superequipotential quasinilpotency of a family of operators acting in a Banach ideal space of measurable
functions. Sufficient conditions of superequipotential quasinilpotency, which are convenient for applications, are
obtained in the case of Lebesgue spaces.
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