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ON A CLASS OF PROBLEMS OF OPTIMAL IMPULSE CONTROL

FOR A CONTINUITY EQUATION

M.V. Staritsyn, N. I. Pogodaev

We consider an impulse control problem for a special class of distributed dynamical systems. Such systems
result from a relaxation (extension of the set of control processes) of a continuity equation driven by a vector
field affine in the control, when there are only integral constraints on the input signals. Problems of this kind
appear in the theory of ensemble control and control of multi-agent systems and systems with uncertain initial
data. Prior to relaxation, the states of the system may be arbitrarily close to discontinuous curves in the space
of probability measures, which leads to the unsolvability of the corresponding extremal problem. The relaxation
produces a well-posed optimal control problem for generalized solutions of the continuity equation, which are
measure-valued curves with bounded variation. Generalized solutions are described by means of a discontinuous
time change in the trajectories of the characteristic system. Some function-theoretic properties of these solutions
are studied, and their representation in terms of measure differential equations is obtained. The main result
is a necessary optimality condition in the form of the maximum principle for the relaxed problem. Finally, we
discuss the possibilities of applying the results for the development of numerical algorithms.

Keywords: multi-agent systems, continuity equation, impulse-trajectory relaxation, ensemble control, impulse
control, optimal control, maximum principle, numerical algorithms for optimal control.

REFERENCES

1. Ovseevich A. I., Fedorov A. K. Asymptotically optimal feedback control for a system of linear oscillators.
Dokl. Akad. Nauk, 2013, vol. 88, no. 2, pp. 613–617. doi: 10.1134/S106456241305013X .

2. Li J.-S. Ensemble control of finite-dimensional time-varying linear systems. IEEE Trans. Autom. Control,
2011, vol. 56, no. 2, pp. 345–357.

3. Conservation laws in the modeling of moving crowds. In Rinaldo M. Colombo, Mauro Garavello,
Magali Lécureux-Mercier, Nikolay Pogodaev (eds.). Hyperbolic problems: theory, numerics, applications,
Am. Inst. Math. Sci. (AIMS), Springfield, MO, 2014. vol. 8, AIMS Ser. Appl. Math., pp. 467–474.

4. Fornasier M., Solombrino F. Mean field optimal control. ESAIM: Control, Optimization and Calculus of

Variations, 2014, vol. 20, no. 4, pp. 1123–1152. doi: 10.1051/cocv/2014009 .

5. Marigonda A., Quincampoix M. Mayer control problem with probabilistic uncertainty on initial positions.
J. Dierential Eq., 2018, vol. 264, no. 5, pp. 3212–3252. doi: 10.1016/j.jde.2017.11.014 .

6. Li J.-S., Khaneja N. Ensemble control of Bloch equations., IEEE Trans. Autom. Control, 2009, vol. 54,
no. 3, pp. 528–536. doi: 10.1109/TAC.2009.2012983 .

7. Arutyunov A., Karamzin D., Pereira F. L. On a generalization of the impulsive control concept:
controlling system jumps. Discrete Contin. Dyn. Syst., 2011, vol. 29, no. 2, pp. 403–415.
doi: 10.3934/dcds.2011.29.403 .

8. Bressan Jr. A., Rampazzo F. Impulsive control systems without commutativity assumptions. J. Optim.

Theory Appl., 1994, vol. 81, no. 3, pp. 435–457. doi: 10.1007/BF02193094 .

9. Dykhta V.A., Samsonyuk O.N. Optimal’noe impul’snoe upravlenie s prilozheniyami [Optimal impulse
equation with applications]. Moscow, Fizmatlit Publ., 2000, 256 p. ISBN: 5-9221-0097-1 .

10. Gurman V. Extensions and global estimates for evolutionary discrete control systems. In: Kurzhanski
A., Lasiecka I. (eds.) Modelling and inverse problems of control for distributed parameter systems.
(Laxenburg, 1989). Ser. Lecture Notes in Control and Inform. Sci., vol. 154. Berlin: Springer, 1991,
pp. 16–21. doi: 10.1007/BFb0044479 .



2

11. Karamzin D.Y., V.A. de Oliveira, Pereira F.L., Silva G.N. On the properness of an impulsive control
extension of dynamic optimization problems. ESAIM Control Optim. Calc. Var., 2015, vol. 21, no. 3,
pp. 857–875. doi: 10.1051/cocv/2014053 .

12. Miller B. M., Rubinovich E. Y. Impulsive control in continuous and discrete-continuous systems. N Y:
Kluwer Academic/Plenum Publ., 2003, 447 p. doi: 10.1007/978-1-4615-0095-7 .

13. Motta M., Rampazzo F. Space-time trajectories of nonlinear systems driven by ordinary and impulsive
controls. Differential Integral Eq., 1995, vol. 8, no. 2, pp. 269–288.

14. Rishel R. W. An extended Pontryagin principle for control systems whose control laws contain measures.
J. Soc. Indust. Appl. Math. Ser. A Control, 1965, vol. 3, pp. 191–205. doi: 10.1137/0303016 .

15. Warga J. Optimal control of differential and functional equations. N Y; London: Acad. Press, 1972,
531 p. ISBN: 0127351507 .

16. Zavalishchin S. T., Sesekin A. N. Dynamic impulse systems. Theory and applications. Dordrecht: Kluwer
Acad. Publ. Group, 1997, Ser. Math. Appl., vol. 394, 256 p. doi: 10.1007/978-94-015-8893-5 .

17. Brockett R. Notes on the control of the Liouville equation. In: P. Cannarsa, J.-M. Coron (eds.), Control

of partial differential equations. Heidelberg: Springer, 2012, Ser. Lecture Notes in Math., vol. 2048.
pp. 101–129. doi: 10.1007/978-3-642-27893-8_2 .
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