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ON THE EQUIVALENCE OF SOME RELATIONS IN DIFFERENT METRICS
BETWEEN NORMS, BEST APPROXIMATIONS, AND MODULI
OF SMOOTHNESS OF PERIODIC FUNCTIONS AND THEIR DERIVATIVES

N. A.I’yasov

We propose a method capable, in particular, of establishing the equivalence of known upper estimates
for the Lg(T)-norm ||f(") |4, the best approximation E,_1(f(")),, and the kth-order modulus of smoothness
wi(f();7/n)q in terms of elements of the sequence {E,—_1(f)p}5%, of best approximations of a 27-periodic

function f € Ly(T) by trigonometric polynomials of order at most n — 1, n € N, where r € Zy (f(® = f),

1 <p<q<oo,and T = (—, «]. The principal result of the paper is the following statement. Let 1 < p < g < oo,
1/

reZi, keN,o=r+1/p—1/q, f € Lp(T), and E(f;p;0;q) = (Zl‘f":l qurilEZil(f)p> ! < 0o. Then the

following inequalities are equivalent in the sense that each of them implies the other two:

@) 1/lg < Cilrop, @) {1 = x()If lp + E(fip3050)};

() En_1(fM)q < Ca(r,p,q) {n"En—l(f)p + (Zf’:nﬂ yqaflEgil(f)p)l/q}, neN;

(€) wr(f);m/n)q < Cs(k,r,p, Q){ (ZZC’:,LH uq"*lEl‘Ll(f)p)l/q+nfk(Zgzl yq(k+a)71Egil(f)p)1/q},
n € N.

Inequalities (a), (b), and (c) depend on the key estimate

159 (Ml < Cattp {0 = xSl + (7 v B2 ()} men,

where Si,(f;x) is the partial sum of order m € N of the Fourier series of a function f € L,(T), | € Z,
A=1+1/p—1/q, x(t) =0 for t <0, and x(¢t) = 1 for t > 0, t € R. The latter estimate in the case | = r
and A = o provides a necessary and sufficient condition for the fulfillment of inequality (a) under the condition

E(f;p;0;q) < oo, which guarantees that f € L((IT)(']T), where Lgr)(']l') is the class of functions f € Lq(T) with
absolutely continuous (r—1)th derivative and f(") € Ly(T). Necessary and sufficient conditions for the validity of

inequalities (b) and (c) are also provided in terms of the behavior of elements of the sequence {||S,(,i) (s Ma¥oo_y-
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