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ON THE ORDER OF DECREASE OF UNIFORM MODULI OF
SMOOTHNESS FOR THE CLASSES OF PERIODIC FUNCTIONS
HE[w], le x, 1<p< oo

N. A.I’yasov

S. B. Stechkin posed the following problem: for given 1 <p < g < oo, r € Zy, l,k € N, and w € €;(0, 7], find
the exact order of decrease of the Lq(T)-modulus of smoothness of the kth order wy(f(™);8)q on the classes of
2m-periodic functions H},[w] ={f € Lp(T) : wi(f;0)p < w(d), d € (0,m]}, where T = (—m, 7], Loo(T) = C(T),
and (0, 7] is the class of functions w = w(d) defined on (0, 7] and satisfying the conditions 0 < w(d) | 0 (6 | 0)
and §—w(8) | (8 1). Earlier the author solved this problem in the case 1 < p < q < co. In the present paper,
we give a solution in the case 1 < p < ¢ = co; more exactly, we prove the following theorems.

Theorem 1. Suppose that 1 < p < oo, f € Lp(T), r € Z4, Lk e N, Il >0 =r+1/p, p=1— (k+ o),
and >0 n®lw(f;m/n)p < co. Then f is equivalent to some function ¢ € C"(T) and the following bound
holds: wi (Y™ 7/n)oo < C1(1l, k,r,p){ Yoo g VO T (/) e+ x(p)n TR YT R (f ﬂ/u)p}, neN,
where x(t) =0 for t <0, x(¢t) =1 fort >0, and C"(T) is the class of functions ¢» € C(T) that have the usual
rth-order derivative (™) € C(T) (we assume that () =4 and CO)(T) = C(T)).

Note that this bound covers all possible cases of relations between [ and k + 7.

Theorem 2. Suppose that 1 <p < oo, r € Zy, l,keN, I >0c=r+1/p,p=1—(k+0), w € Q0,n],
and 250, 07 a(m/n) < co. Then sup{wn ()7 /Yoo ¢ f € HYwl} = 320041 07~ Neo(m/w) + x(p)n—" X
S vkt Tlu(r/v), n € N, where ¢ denotes the corresponding function from CT(T) equivalent to f € Hzl, [w].

In Theorems 1 and 2, the case l = k+ o0 =k +r+1/p (= x(p) = 0) is of the most interest. This case is
possible only for p = 1, since r € Z4 and [,k € N. In this case, the proof of the bound in Theorem 1 employs

the inequality n’l||T7(ll)1(f; Moo < Co()nwiyq(f;m/n);, where Ty 1(f;-) is a best approximation polynomial
for the function f € Li(T). The latter inequality is derived from the strengthened version of the inequality of
different metrics for derivatives of arbitrary trigonometric polynomials ||t£ll)()||oo < 2’17r||t£ll+1)(v)||1, neN.

Keywords: modulus of smoothness, best approximation, inequality between moduli of smoothness of different
orders in different metrics, exact order of decrease for uniform moduli of smoothness on a class.
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