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PABHOMEPHAS4 AIIITPOKCUMAIINA KPUBU3HBI I'NTAJIKNX TTJIOCKUX
KPUBBIX C UCIIOJIb3BOBAHUEM YACTHBIX CYMM PAIA ®YPBHE!

10. H. Cy660Tun, H. 1. Hepubix

B crarbe mosiydyeHa OIleHKa CBEPXY I[OIPEIIHOCTH AMIPOKCUMAIMH KPUBH3HBI IPA(UKOB IEPHOIUIECKUX
dyukumit kiracca W' npu r > 3 B paBHOMEPHOI METPHKE C ITOMOIIBIO [IPOCTENIIEro alnapaTa IpUOINKEeHNs
IJIQJKAX [TEPUOIUIECKUX (PYHKIUI — YaCTHBIX CyMM HMX TPHUrOHOMeTpHueckux psinoB Pypwe. 3amada B mMare-
MaTHIeCKOM IIJIAHE MHTEPECHA TeM, YTO KPUBH3HA rpaduka (PYHKIUN SBISETCS CIEIUMUIHBIM HEJIUHEHHBIM
orepaTopoM Ha Kiacce Tiaakux dyuknuit W na nepuozne (u orpeske) npu r > 2. Panee 66110 0my6ImKoBaHo
HECKOJIBKO PaboT 00 allpoKCUMAaIMi KPUBU3HBI IIJIOCKUX KPUBBIX B CPEJHEKBAIPATUIHON U IeOLINIEBCKON MET-
pukax. B kadecTBe ammapara TpubJIMXKEHUs B IPEAIIECTBOBABINIUX pabOTax UCIOJb30BAJIUCH YaCTHBIE CyMMBI
TPUrOHOMETPHYECKHX PssioB (B L2-HOpMe), HHTEpHOJIANMOHHbIE CIIANHBI C PABHOMEDHBIMH y3/IaMHU, CDEIHUE
QDeiiepa 4aCTHBIX CYMM TPUTOHOMETPUYECKHUX DHAJIOB U MHTEPIOJIAIMOHHO-OPTOrOHAJIBHBIE BCIUIECKH Ha Gase
BcruteckoB Meitepa (B C'°°-HopMme). Meroauky HacTosimieil paGoThl, OTPAsKEHHYIO B JIEMMe, BEPOSITHO, MOXKHO
pacnpocTpanuTh Ha LP-METpUKY U APyrue METObI AlMPOKCUMAIIUH.

Korouesble ciioBa: nmpubUimKeHne KPpUBHU3HBI, IIJIOCKHE KpHUBbIe Kiacca W', paBHOMepHasi METPUKA.

N.I. Chernykh, Yu.N. Subbotin. Uniform approximation of the curvature of smooth planar
curves with the use of partial sums of Fourier series.

An error bound for the approximation of the curvature of graphs of periodic functions from the class W” for
r > 3 in the uniform metric is obtained with the use of the simplest approximation technique for smooth periodic
functions, which is approximation by partial sums of their trigonometric Fourier series. From the mathematical
point of view, the interest in this problem is connected with the specific nonlinearity of the graph curvature
operator on the class of smooth functions W on a period or a closed interval for r > 2. There are several papers
on curvature approximation for planar curves in the mean-square and Chebyshev norms. In previous works, the
approximation was performed by partial sums of trigonometric series (in the L2 norm), interpolation splines
with uniform knots, Fejér means of partial sums of trigonometric series, and orthogonal interpolating wavelets
based on Meyer wavelets (in the C* norm). The technique of this paper, based on the lemma, can possibly be
generalized to the LP metric and other approximation methods.
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B pabore [1] uyuanach anmpokcuMaliysi KpUBU3HbI TJIAJIKUX [IJIOCKUX KPUBBIX B CPEHEKBAJIPa-
tuaeckoit Merpuke Lo[0, 27]. B nacrosimieit pabore, kak u B psijie Gojiee paHHUX PaBoT (CM., HAIPHU-
Mep, [2| u nuTupoBanHble TaM paborhl, a Takke pabory 2016 roga, omyOGJINKOBAHHYIO B HACTOSIIEM
JKypHaJIE), To00Hast TpobIeMa pacCMaTPUBACTC B PABHOMEDHOI METPHKE.

Hamee W™ (r € N, » > 3, N — MHOXKXECTBO HATYDPAJIbHBIX YUCET) — KJIACC 27T-TIEPUOMICCKIX
dbyuxumit y = f(z), yaoBieTBopsONmx yeaoBusiM: Berogy Ha R = (—00,00) CyIecTByoT Npou3Boji-
HbIE

S
v =y ) = T (1 e mpmen [y @) -y @) < et ()
JUTst JTIOOBIX 2, t, mpuHayiexkamux R, » > 3. B craTbe nmpejjaraercs anmpoKCUMHUPOBATh B PaBHO-
MEpHOIl HOpMEe KPUBU3HY TAKMX KPUBLIX KPUBHU3HONW TPAMDUKOB TACTHBIX CYMM WX TPUTOHOMETDH-
geckux psanoB Pypoe. [Ipu sTom OyayT ucnosbzoBanbl pesynbrarel V. I CokosoBa [3] 06 onenkax
COOTBETCTBYIOIEr0 OCTATOYHOTO JeHa TPU AMMPOKCUMAINN YaCTHBIMEA cymMMaMu psiga Pypbe B
pasHOMepHOIi HOpMe Juddepentupyemoit dyukuuu f(z) u3 kiacca (1). A umeHHO ecyu DyHKIWS

!Pa6oTa BBImOHEHA 32 cueT rpanTa Poccuiickoro mayanoro dona (mpoext 14-11-00702).
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y € W’ (r > 3) u Sy(y,z) — gactmas cymma mopsaka n ee psga Pypoe, To ) € Ws (s =
1,2), S,(f) (y,x) — wacrHasg cymma Hopsaka n psijga Pypbe Ipou3BOIHOMN y®) (x) u u3 pesyabraToB
N.T. CokosoBa ciemyer, 9To

Inn 7

4
Hys(x) — Sﬁzs)(y’x)uc[o,zn] < — (s=1,2, reN, r >3). (2)

n?“—S nT’—S

Ormerum, uro y W.T. CokosoBa [3] B dopmysupoBke pesysbrara BMecTo unciaa 7 B (2) crout
O(1), kak BejIM4MHA, HE 3ABUCAIIAsl OT M U 7', HO B KOHIIE CTATbU, B 3aBUCUMOCTH OT TPEX pas3-
JIMYHBIX BO3MOXKHBIX BApUAHTOB, BBIIMCAHBI sIBHBbIE 3HaueHusi Besnanabl O(1) u Bo Bcex ciydasix
BBLIIKICLIBAEMBIE MIOJIOYKUTEILHBIC KOHCTAHTEL He GoJIbIIe 7.

y"(x)
[1+ (' ()]

kpuBoit — rpaduka byukiuu y(x) € W' (r > 3) — annpokcuMupyeM KpUBU3HOIN rpadUKOB dacT-
HBIX cyMM Sy, (y, ) psaga Pypwe y(x), T.e. KpUBU3HOI

_ Sy, )
L+ (Sh(ys )21

Urak, kpuBusny

K(y;z) = (3)

(4)

Buawsane paccmorpum GyHKITIIO

~ u
K(u,v) = RERDEE (5)
JIBYX BEIIECTBEHHDIX IEPEMEHHBIX U, v 1 onenum npupamenue AK (u,v) s1oi byuKimum upn 3amene
(u,v) Ha (u + Au,v + Av). Umeem

1

u+ Au U Au
(1—1—1)2)3/2)’ (6)

AR = v A T2 (L (05 2P ru(a

rie A(1+02)73/2 = (14 (v + Av)=%/2 — (14 v?)~%/2). Tlo Teopeme Jlarpamxa mmeem

A((1+0*)732) = (Av)d%(ug?)—?’/?‘s = —3(14+(0+0A0)>) 2 (v+0Av)Av (0 <6 < 1),
=v+ v
OTKYy/Ja IIoJIy49YaeM HEpaBE€HCTBO

A+ 7)) < 3 A0 max A6), (7)

e A(€) = £(1 + €2)75/2. Tmeem
N(E=(1+)7PA-581+)7") = (1+&6)772(1 - 48%).

Tak xkak A\(§) = 0 npu & = 0 u & = +oo, 10 |A(§)| mocruraer cBoero makcmMyma Ha R B TOUke
€=1/2, tne N'(1/2) = 0. Takum obpaszom,

3 1 48 48+/5
A = _. = = . 8
4

PesynbraTrom obobeauuennst oneHok (6)—(8) siBisteTcst cieyoniast jeMMa 00 OIeHKe M3MEHEHMUsT
dbyuknun (5) Hpy U3MEHEHHH ee apryMeHTOB. IIpi 9ToM y4TeHo, 9TO 3HAMEHATEIb B IIEPBOM CJla-
raeMoM paseHcTBa (6) He menbIme 1.
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Jlemma. Ilpu 41060 6euLeCMBEHHBLT U, Ul, V, V] CNPAGEIAUBO HEPABEHCMEO

K (u,0) = K (ur,01)] < Ju—w| +

Us onpenenenuit (3)—(5) dynxmuit K (y;z), K(Sy;x) u K(u,v) crenyer, 9o

K(yz) = K(y'(2),y'(2)),  K(Spiz) = K(Su(y";12), Sn(y's 7).

Beesiem obosnadenme G = (481/5)/125 ~ 0.859. Ilonaras B HepabeHcTBe (9) JeMMBI U =
y'(x), uy = S (y;x), v=1/(x), v1 = s} (y; ), HOMyIaeM ciemyroliee yTBEPKICHIE O TIOTOUETHOMN
ATMIPOKCUMAIMN KPUBU3HBI 27-IIEPUOIMIecKoll KpuBoil (rpaduka dbynknnmm y = y(r)) KpuBU3HOI
rpaduka dyukuun Sy, (y; ).

Teopema. IIycmo gynrkyus y(x) € W' (r >3, r € N) u Sp(y;z) — ee cymma Pypoe:

Sn(y;x) = % +kz_1(ak cos kx + by, sin kx), neN,
1 2m 1 27
ar = — /y(m) cos kx dx, by, = — /y(az) sin kx dx.
0 T
0 0
Tozda das awbo20 x € R umeem mecmo HepaseHcmeo
K (y;2) — K(Su(y: );2)| < |y"(2) = Sn(ys @) + Gly" (@)|ly (2) — Sy (y; 2)]. (10)

Hepaserncmeo (10) asasemes mounvim 6 caedyrowem cmuvicae. Konemanma 1 neped nepsvim caa-
eaemvoim 6 npasot wacmu (10) docmuzaemea 6 mex moukar x, 20e y'(x) = S (y;2) = 0, a xon-
cmanma G neped emopuim caazaemom 6 (10) docmuzaemes acumnmomuuecky npu n — 00 6 Mex
moukaz, 2de y'(x) = 1/2.

Camo nepasercTBo (10) BbITEKaeT 13 JIEMMbI IPU YKA3aHHBIX (DYHKIMOHATIBHBIX 3HAYCHUSAX ap-
rymerToB dyukmuu (5). A yrBep:kieHusi TeopeMbl 0 TogHocTH oneHku (10) ciaeayoT u3 BbIBOJIA
orenok (8) u (9).

Tak kak npu r > 3 st dysxuuii y(z) us kmacca W' cnpasenmso HepasercTBo Pasapa (cMm.,
HanpuMmep, [4, c. 282])

‘|y//($)‘|0[0,27r] < Ki—a,

rIe
4 00 -1 (r+1)k 7'('2 s
Kﬁ}Zélev g <K<K <o <K3<Ki=g,
k=0

TO, TIPUMEHSISI 9TO HEPABEHCTBO M ONEHKY (2) K mpaBoil yactu HepasercTsa (10), momydaem ciemy-
IONLYIO, PABHOMEPHYIO Ha MEPHOJIE, OIEHKY MOIPENTHOCTH PACCMATPHBACMOI AIIIPOKCHMAIINN KpPH-
BU3HBI [VIAJKUX KPHUBBIX.

CaencrBue. /laa gynwyud y(x) € W' (r > 3) u wacmnox cymm Sy (y; ) cnpasedsuso nepa-
6EHCMBO

1K (3:2) — K (Saly, i) lctnzn) < (g - o + g ) (14 Z222)),

7T2 nr—2 nr—2 n
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