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ENVELOPES OF FAMILIES OF CONVEX FUNCTIONS
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It is well known that a real-valued function defined on a metric space is upper (lower) semi-
continuous if and only if it is a lower (upper) envelope of a family of continuous functions. In this
paper, for functions defined on real normed spaces, this classical result is refined as follows. An upper
(lower) bounded real-valued function defined on a normed space is upper (lower) semicontinuous
if and only if it can be represented as a lower (upper) envelope of a family of convex (concave)
functions that satisfy the Lipschitz condition on the whole space. It is shown that the requirement
of upper (lower) boundedness may be omitted for positively homogeneous functions: a positively
homogeneous function defined on a normed space is upper (lower) semicontinuous if and only if
it is a lower (upper) envelope of a family of continuous sublinear (superlinear) functions. This
characterization extends to arbitrary normed spaces a similar statement proved earlier by V. F. Demy-
anov and A. M. Rubinov for positively homogeneous functions defined on finite-dimensional spaces
and later extended by A.Uderzo to the case of uniformly convex Banach spaces. The latter result
allows to extend the notions of upper and lower exhausters introduced by V.F.Demyanov in finite-
dimensional spaces to nonsmooth functions defined on arbitrary real normed spaces.

Keywords: semicontinuous functions, upper and lower envelopes, convex and concave functions,
Lipschitz continuity, positively homogeneous functions.

REFERENCES

1. Dem’yanov V.F., Rubinov A.M. Elementy kvazidifferentsial’nogo ischisleniya [Elements of
quasidifferential calculus]. In: Negladkie zadachi teorii optimizatsii i upravleniya [Nonsmooth problems
of optimization theory and control|, Leningrad: Leningrad University Press, 1982, pp. 5-127.

2. Dem’yanov V.F., Rubinov A.M. Osnovy mnegladkogo analiza i kvazidifferentsial’noe ischislenie
[Foundations of nonsmooth analysis and quasidifferential calculus]. Moscow: Nauka Publ., 1990, 432 p.

3. Demyanov V.F. Exhausters of a positively homogeneous function. Optimization, 1999, vol. 45, no. 1,
pp. 13-29.

4. Demyanov V.F. Exhausters and convexificators — new tools in nonsmooth analysis. Quasidifferentiability
and Related Topics, eds. V.F.Demyanov, A. M. Rubinov, Dordrecht: Kluwer Acad. Publ., 2000, Ser.
Nonconvex Optim. Appl., vol. 43, pp. 85-137. doi: 10.1007/978-1-4757-3137-8 4.

5. Pshenichny B.N. Vypuklyi analiz i ekstremal’nye zadachi [Convex analysis and extremal problems].
Moscow : Nauka Publ., 1980, 320 p.

6. Rockafellar R.T. Convex analysis. Princeton: Princeton University Press, 1970, 260 p. Translated under
the title Vypuklyi analiz, Moskow: Mir Publ., 1973, 469 p.



10.

11.

12.
13.
14.

15.

16.

17.

18.

19.

Gorokhovik V.V. Vypuklye i negladkie zadachi vektornoi optimizatsii [Convex and nonsmooth vector
optimization problems|. Minsk, Nauka i tekhnika Publ., 1990, 239 p.; 2nd ed.: Moscow: URSS Publ.,
2012, 256 p.

Gorokhovik V.V., Trafimovich M.F. Positively homogeneous functions revisited J. Optim. Theory Appl.,
2016, vol. 171, no. 2, pp. 481-503. doi: 10.1007/s10957-016-0891-4.

Uderzo A. Convex approximators, convexificators and exhausters: applications to constrained extremum
problems. Quasidifferentiability and Related Topics, eds. V.F.Demyanov, A. M. Rubinov, Dordrecht:
Kluwer Acad. Publ., 2000, Ser. Nonconvex Optim. Appl., vol. 43, pp. 297-327.

doi: 10.1007/978-1-4757-3137-8 _12.

Gorokhovik V.V.; Gorokhovik S.Ya. The global criterion of epilipschitzness of sets. Proc. AS of Belarus,
Ser. Fiz.-Mat. Nauk., 1995, no. 1, pp. 118-120 (in Russian).

Kelley J.L. General topology. New York: Springer-Verlag, 2nd printing 1975, Ser. Graduate Texts in
Mathematics, vol. 27, 298 p. Translated under the title Obshchaya topologiya, Moskow, Nauka Publ.,
1984, 432 p.

Valentine A.F. Convex Sets. New York: McGraw-Hill Book Company, 1964, 238 p.

Smith C.R. A characterization of star-shaped sets. American Math. Monthly, 1968, vol. 75, no. 4, p. 386.
Gorokhovik V.V., Zorko O.I. Piecewise affine functions and polyhedral sets. Optimization, 1994, vol. 31,
no. 2, pp. 209-221. doi: 10.1080/02331939408844018.

Krasnosel’skii M.A., Vainikko G.M., Zabreiko P.P., Rutitskii Ya.B., Stetsenko V.Ya. Approximate
solution of operator equations. Groningen: Wolters-Noordhoff, 1972, 484 p.

doi: 10.1007/978-94-010-2715-1. Original Russian text published in Priblizhennoe reshenie operatornykh
uravnenii, Moskow: Nauka Publ., 1969, 456 p.

Bourbaki N. Eléments de Mathématique, Premiér partie, Livre III, wvolume Topologie Générale.
HERMANN, troisieme édition. 1960. Translated under the title Obshchaya topologiya. Ispol’zovanie
veshchestvennykh chisel v obshchei topologii. Funktsional’nye prostranstva. Svodka rezul’tatov. Slovar’.
Moskow: Nauka Publ., 1975, 408 p.

Hausdorft F. Grundziige der Mengenlehre. Leipzig: von Veit, 1914. Mengenlehre. 2nd ed. Berlin, Leipzig:
Walter de Gruyter, 1927, 285 p. Translated under the title Teorija mnozhestv. Moskow, Leningrad: Gl.
red. tehn.-teoret. lit., 1937, 304 p.

Castellani M. A dual representation for proper positively homogeneous functions. J. Global Optim, 2000,
vol. 16, no. 4, pp. 393-400. doi: 10.1023/A:1008394516838.

Castellani M. Dual representation of classes of positively homogeneous functions. Quasidifferentiability
and Related Topics, eds. V.F.Demyanov, A. M. Rubinov, Dordrecht: Kluwer Acad. Publ., 2000, Ser.
Nonconvex Optim. Appl., vol. 43, pp. 73-84. doi: 10.1007/978-1-4757-3137-8 3.

Valentin Vikentevich Gorokhovik, Dr. Phys.-Math. Sci., Corresponding Members of NAS of Belarus,
Prof., Institute of Mathematics, National Academy of Sciences of Belarus, 220072 Minsk,
e-mail: gorokh@im.bas-net.by

Cite this article as:
V. V. Gorokhovik, On the representation of upper semicontinuous functions defined on infinite-
dimensional normed spaces as lower envelopes of families of convex functions, Trudy Inst. Mat.

Mekh. UrO RAN, 2017, vol. 23, no. 1, pp. 88-102.



