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The paper is concerned with the problem of optimization of dynamics of a control system in
the situation when there is a set M (“risk zone”) in the state space R

n which is unfavorable due to
reasons of safety or instability of the system. In the classical setting the presence of such unfavorable
set M is modeled usually via introducing an additional state constraint in the problem that means
the ban on the presence of the trajectories in the risk zone M . Necessary optimality conditions in the
form of Clarke’s Hamiltonian inclusion are developed for the corresponding optimal control problem
in the case when the system’s dynamics is described by an autonomous differential inclusion and
the risk zone M is an open set. The main novelty of the result is that it is proved in the most
important case when the risk zone M is an open set. There is a natural relation of the problem
under consideration to the classical optimal control problem with state constraints in this case. The
result obtained involves an additional nonstandard stationarity condition for the Hamiltonian.

Keywords: risk zone, state constraints, optimal control, differential inclusion, Hamiltonian inclu-
sion, Pontryagin maximum principle.

REFERENCES

1. Arutyunov A.V. Perturbations of extremal problems with constraints and necessary optimality
conditions. J. Soviet Math., 1991, vol. 54, no. 6, pp. 1342–1400. doi: 10.1007/BF01373649 .

2. Arutyunov A.V. Optimality conditions: abnormal and degenerate problems. Dordrecht: Kluwer Acad.
Publ., 2000, Ser. Math. Its Appl., vol. 526, 299 p. Original Russian text published in Usloviya

ekstremuma. Anormal’nye i vyrozhdennye zadachi, Moscow: Faktorial Publ., 1997, 254 p.

3. Arutyunov A.V., Aseev S.M. The maximum principle in optimal control problems with phase constraints.
Nondegeneracy and stability. Russ. Acad. Sci., Dokl. Math., 1994, vol. 49, no. 1, pp. 38–42.

4. Arutyunov A.V., Tynyanskij, N.T. The maximum principle in a problem with phase constraints. Sov.

J. Comput. Syst. Sci., 1985, vol. 23, no. 1, pp. 28–35.

5. Aseev S.M., Smirnov A.I. The Pontryagin maximum principle for the problem of optimally crossing a
given domain. Dokl. Math., 2004, vol. 69, no. 2, pp. 243–245.

6. Aseev S.M., Smirnov A.I. Necessary first-order conditions for optimal crossing of a given region. Comput.

Math. Model., 2007, vol. 18, pp. 397–419. doi:10.1007/s10598-007-0034-8 .

7. Dubovitskii A.Ya., Dubovitskii V.A. Necessary conditions for a strong minimum in optimal control
problems with degeneracy of the end-point and phase constraints. Russian Math. Surveys, 1985, vol. 40,
no. 2, pp. 209–210. doi: 10.1070/RM1985v040n02ABEH003563 .

8. Dubovitskii A.Ya., Dubovitskii V.A. The maximum principle in regular optimal control problems where
the ends of the phase path are on the boundary of the phase constraint. Avtomatika i Telemekhanika,
1987, no. 12, pp. 25–33 (in Russian).



2

9. Dubovitskii A.Ya., Dubovitskii V.A. A criterion for the existence of a meaningful maximum principle in
a problem with phase constraints. Diff. Equat., 1995, vol. 31, no. 10, pp. 1595–1602.

10. Dubovitskii A.Ya., Milyutin A.A. Extremum problems in the presence of restrictions. USSR

Computational Mathematics and Mathematical Physics, 1965, vol. 5, no. 3, pp. 1–80.
doi: 10.1016/0041-5553(65)90148-5 .

11. Ioffe A.D., Tihomirov V.M. Theory of extremal problems. Amsterdam: Elsevier North-Holland, 1979,
460 p. Original Russian text published in Teoriya ekstremal’nykh zadach, Moscow: Nauka Publ., 1974,
481 p.

12. Clarke H. Optimization and nonsmooth analysis. New York, Wiley, 1983, 308 p. Translated under the
title Optimizatsiya i negladkii analiz, Moscow, Nauka Publ., 1988, 280 p.

13. Mordukhovich B.Sh. Maximum principle in the problem of time optimal response with nonsmooth
constraints. J. Appl. Math. Mech. 1976, vol. 40, iss. 6, pp. 960–969. doi: 10.1016/0021-8928(76)90136-2 .

14. Mordukhovich, B.Sh. Metody approksimatsij v zadachakh optimizatsii i upravleniya [Approximation
methods in problems of optimization and control]. Moscow: Nauka Publ., 1988, 360 p.

15. Natanson I.P. Teoriya funktsii veshchestvennoi peremennoi [Theory of functions of a real variable],
3-е izd., Мoscow: Nauka Publ., 1974, 480 p.

16. Pontryagin L.S., Boltyanskii V.G., Gamkrelidze R.V., Mishchenko E.F. The mathematical theory of

optimal processes, ed. L.W. Neustadt, New York; London: Interscience Publ. John Wiley & Sons, Inc.,
1962, 360 p. Original Russian text published in Matematicheskaya teoriya optimal’nykh protsessov,
Moscow: Fizmatgiz Publ., 1961, 391 p.

17. Pshenichnyi B.N., Ochilov S. On the problem of the optimal passage through a given domain. Kibernetika

i Vychisl. Tekhnika, 1993, no. 99, pp. 3–8 (in Russian).

18. Pshenichnyi B.N., Ochilov S. On a special time-optimality problem. Kibernetika i Vychisl. Tekhnika,
1994, no. 101, pp. 11–15 (in Russian).

19. Smirnov A.I. Necessary optimality conditions for a class of optimal control problems with discontinuous
integrand. Proc. Steklov Inst. Math., 2008, vol. 262, pp. 213-230. doi: 10.1134/S0081543808030176 .

20. Filippov A.F. On some questions in the theory of optimal regulation. J. SIAM Control. Ser A., 1962,
vol. 1, pp. 76–84.

21. Arutyunov A.V., Aseev S.M. Investigation of the degeneracy phenomenon of the maximum principle
for optimal control problems with state constraints. SIAM J. Control Optim., 1997, vol. 35, no. 3,
pp. 930–952.

22. Aseev S.M. Methods of regularization in nonsmooth problems of dynamic optimization. J. Math. Sci.,
1999, vol. 94, no. 3, pp. 1366–1393.

23. Ermoliev Yu., Norkin V. Risk and extended utility functions: optimization approaches. IIASA Interim

Report: IIASA IR-03-033, Laxenburg, 2003, 25 p.

24. Cesari L. Optimization – theory and applications. problems with ordinary differential equations. New
York: Springer-Verlag, 1983, Ser. Appl. Math., vol. 17, 542 p.

25. Fontes F.A.C.C., Frankowska H. Normality and nondegeneracy for optimal control problems with state
constraints. J. Optim. Theory Appl., 2015, vol. 166, iss. 1, pp. 115–136. doi:10.1007/s10957-015-0704-1 .

26. Hartl R.F., Sethi S.P., Vickson R.G. A survey of the maximum principles for optimal control problems
with state constraints. SIAM Review, 1995, vol. 37, no. 2, pp. 181–218. doi: 10.1137/1037043 .

Sergei Mironovich Aseev, Dr. Phys.-Math. Sci., Corresponding Member of RAS, Steklov Mathemati-
cal Institute of Russian Academy of Sciences, Moscow, 119991 Russian, e-mail: e-mail: aseev@mi.ras.ru .

Cite this article as:
S.M.Aseev, Optimization of dynamics of a control system in the presence of risk factors, Trudy

Inst. Mat. Mekh. UrO RAN, 2017, vol. 23, no. 1, pp. 27–42 .


